Basic Atomic and Nuclear Physics
Introduction
This section of notes introduces some basic ideas from atomic and nuclear physics. Our goal
here is to introduce the proper terminology and fundamental relationships that will be used in
later discussions/explanations of more complex subjects. The topics covered here include the
basic notations used when discussing atomic and nuclear physics, the computation of nuclide
densities, various balance relationships associated with fundamental nuclear reactions, some
concepts concerning the structure of the atom and various models for the structure of the nucleus,
various forms of nuclear radiation and radioactive decay, and some examples illustrating the
solution of radioactive decay problems (using both analytical and numerical schemes). This
represents a large array of somewhat diverse topics but, combined, they will give us sufficient
background to discuss a variety of nuclear reactions that take place within nuclear systems. The
section on calculations for radioactive decay treats this subject in a fairly broad sense, including
a discussion of balance equations, generalized production and loss processes, and numerical
solution techniques for large coupled sets of first-order differential equations. The general
treatment here introduces several techniques that will be carried along throughout our study of
reactor physics and a variety of other nuclear applications. Similarly, the calculation of nuclide
densities contains concepts and techniques that will be used many times over. Thus, this section
should lay the ground work for later subjects that focus more on the use of basic nuclear science
concepts within various industrial and medical applications and, of course, within the nuclear
power industry.
Basic Terminology/Notation
The atomic number, Z, refers to the number of protons in the nucleus.
The neutron number, N, is the number of neutrons in the nucleus.
The atomic mass number, A = Z + N, refers to the total number of nucleons (protons and
neutrons) within the nucleus.
The neutral atom has the same number of electrons as protons.
Isotopes are nuclides or atoms that contain the same number of protons but a different number of
neutrons in the nucleus (for example, two common isotopes of uranium are U-235 and U-238).
The notation AZ X is often used to identify a specific nuclide or isotope. For example, 235
92 U refers
to uranium-235 or U-235 and it indicates that there are 92 protons and 235 – 92 = 143 neutrons
within this particular isotope of uranium. The shorthand notation, U-235 or U235, is also
frequently used.
A mole is the amount of a substance which contains as many elementary entities as there are
atoms in 12 grams of 126 C , and there are NA≈ 0.602214×1024 atoms in 12 grams of C-12. Of
course, you know NA as Avogadro’s number and this means that a mole of anything contains
NA≈ 0.6022×1024 entities of the quantity of interest (atoms or molecules in our case).
Now, from the above discussion, we see that the mass of 1 atom of C-12 is given by
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mass of 1 atom of

12

C≈

12 g of 12 C
0.602214 ×1024 atoms of

12

C

and the atomic mass unit or amu, is defined as the mass associated with 1/12ththe mass of a
single C-12 atom, or

(

1
1 amu =
× mass of 1 atom of
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Thus the mass of the

12
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)

1
1
C =g ≈
g ≈ 1.66054 ×10−24 g
24
NA
0.602214 ×10

atom, denoted as m(12C), is 12 amu or 12 u.

The masses of the primary constituents of atoms (protons, neutrons, and electrons) and the
composite neutral atoms are all very small (on the order of 10-24 g) and they are often expressed
in amu units (sometimes denoted as u, but we will consistently use amu here). Note, for
example, with these units, the mass of the nucleons (protons and neutrons) within a nucleus are
approximately 1 amu, with more exact values as follows:

( )

mn =
m 01 n ≈ 1.008665amu

and

( )

mp =
m 11 p ≈ 1.007276 amu

With this simple approximation, a rough estimate for the mass of any isotope is simply A amu,
where A is the number of nucleons (i.e. atomic mass number). Thus, for example, we could say
that the mass of the U-235 atom is about 235 amu, whereas a more accurate estimate is
235.04392 amu (this accounts for the real masses of all the constituents and the binding energy
of the nucleus --where this latter term will be discussed shortly). Taking this example one step
further, the mass of 1 mole of U-235 atoms is

 1 g 
mass of 1mole of 235=
U m( 235
=
235.04392 amu × N A × 
=
 235.04392 g
92 U) × N
A
 N A amu 
or
mass of 1mole of 235=
U m( 235
92 U) × N A ≈ 235g

where we note that this quantity is usually referred to as the gram atomic weight or gram
molecular weight, M.
The formal definition for the atomic weight (Mr)of an atom or the molecular weight of a
molecule is given in terms of the ratio of the mass of the neutral atom or molecule relative to
1/12ththe mass of a neutral C-12 atom. However, this terminology is really quite misleading.
First the atomic weight is not a “weight” or force due to gravity. In addition, it should be
emphasized that the atomic weight is not a mass either --it is a dimensionless quantity since it is
defined in terms of a ratio of masses. So relative atomic mass, Mr, is probably a more
appropriate term to use (this is why I added the r subscript, but this notation is rarely used). In
any case, the atomic or molecular weight of isotope or molecule i, Mri, is formally defined as

M ri =

mass of 1 atom of isotope i
mass of 121 of the 12 C atom
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However, in the nuclear engineering field, especially when discussing atomic and nuclear
physics, we usually define a related term call the gram atomic weight(M)(which again is not
really a “weight” and is often just called the “atomic weight” -- very confusing indeed!!!) as the
mass of one mole of a substance. Now, since a mole contains NA atoms, we can write the mass
of one mole of isotope i (i.e. one gram atomic weight of that nuclide) as
 1 
M i = m(X i ) × N A = M ri × mass of 121 of the 12 C atom × N A = M ri × 
g  × N A = M ri g
 NA 

(

)

Thus, we see that gram atomic weight and atomic weight have the same numerical value, but the
term gram atomic weight has units of grams/mole (usually written as grams/gram-mole or
g/gmole for short).
Well, if you find this all very consuming, don’t feel too bad, since I also feel the terminology
here is much more cumbersome than necessary. In our work, we will simplify all this by
ALWAYS using the terms atomic or molecular weight to mean the GRAM ATOMIC
WEIGHT with units of g/gmole -- and this is simply interpreted as the mass (in grams) of
one mole (NA atoms) of a particular isotope or molecule.
Now, with the subject of atomic weight clearly settled, we see that the molecular weight of a
molecule is merely the sum of the atomic weights of its constituents. For example, the molecular
weight of water (H2O) is given by

M H2O =×
2 M H + M O =×
2 (1.00797) + (15.9994) =
18.0153 g / gmole
≈ 2 × (1) + (16) =
18 g / gmole
One can also compute the atomic weight of an element having more than one isotope as follows:


g of i/gmole
g of element
 atoms of i  
(1)
M =∑ γ i M i =∑ 
=

N A atoms of element
i
i  total atoms   N A atoms of i/gmole 
where M is the atomic weight of the element,γi is the natural isotopic abundance of isotope i, and
Mi is the atomic weight of isotope i. This expression is used frequently to determine the atomic
weight of an element that has several naturally occurring isotopes. Examples1 and 2 show this
for the specific case of natural uranium and natural boron.
------------------------Example 1: Molecular Weight of Natural Uranium
Given the following data, compute the atomic weight for natural uranium MNatU.
i

γ i (a/o)

Mi

234

U

0.0055

234.0409

235

U

0.720

235.0439

238

U

99.2745

238.0508
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Using eqn. (1), one has
M Nat=
U

∑γ M
i

i

i

MNat U = (0.000055)(234.0409) + (0.00720)(235.0439) + (0.992745)(238.0508)
or

MNat U = 238.0289 g/gmole

------------------------Example 2: Molecular Weight of Natural Boron
Given the following data, compute the atomic weight for natural boron MNatB.
i

γ i (a/o)

Mi

10

B

19.9

10.0129

11

B

80.1

11.0093

Using eqn. (1), one has
M Nat=
B

∑γ M
i

i

i

MNatB = (0.199)(10.0129) + (0.801)(11.0093) = 10.811 g/gmole
------------------------Material Atom Densities
We have already noted that the interaction of radiation with matter, with a particular focus on
neutron and photon interactions, is an important subject of interest in our study of nuclear
science and engineering applications. We shall see shortly that these interaction rates are
proportional to the target’s atom density -- that is, the number of atoms per unit volume within
the material being exposed to the neutron and/or photon field. Certainly this seems plausible,
since the more atoms that are available within a given volume, the greater the probability that a
neutron, for example, will interact with the material. Thus, computation of the target atom
densities is extremely important for us to be able to quantify the particle/photon interaction rates.
If one is given the mass density, ρ, of the material, then the material atom density, N, is given by

ρ g / cm ) ( N atoms / gmole )
(=
3

A

N

M g / gmole

ρN A atoms
M cm3

(2)

where
NA = Avogadro’s number = 0.6022×1024atoms/gmole
M = molecular weight of the material in g/gmole
If several isotopes are present and their abundances are known, then

Ni =

γ iρN A
= γi N
M

Lecture Notes: Basic Atomic and Nuclear Physics
Dr. John R. White, Chemical and Nuclear Engineering, UMass-Lowell (March 2015)

(3)

5

where γi is the ratio of atoms of isotope i to total atoms, N. Note that the abundance is usually
tabulated in units of atom percent (a/o). Also note that, in eqn. (3), ρ and M refer to the mass
density and molecular weight of the element, not the ith isotope.
The chemical composition of a mixture or element is usually given in terms of weight percent
(w/o). When this is given, the individual mass density of the ith component becomes ρi = wiρ,
where wi is the w/o of component i. In this case, the atom density of the ith component becomes
=
Ni

ρi N A w iρN A
=
Mi
Mi

(4)

In computations of this type, one usually needs to compute the molecular weight of the mixture
of isotopes or elements. If these components are given as atom fractions (usually in a/o)then the
molecular weight of the mixture is given by eqn. (1), and if the compositions are given in w/o,
then
w
1
=∑ i
M
i Mi

(5)

This last expression results from the observation that the total number of atoms per unit volume
is simply the sum of the individual atom densities --that is, N = ∑ N i . Combining this result
with eqns. (2) and (4) gives
=
N

ρN A
=
M

Ni ∑
∑=
i

i

w iρN A
Mi

Cancelling ρNA when equating the second and fourth terms results in the expression given in
eqn. (5).
The best advice to follow for problems involving the computation of material atom densities is to
work with units. Don't try to memorize formulae or use them blindly. It is much more
appropriate to use (and cancel) the correct units for each term. Examples 3 and 4 illustrate the
computation of atom densities for a couple of common situations.
------------------------Example 3: Calculation of Material Densities for 4.2 w/o UO2
Given that the density of uranium dioxide (UO2) is 10.5 g/cm3 and that the weight percent of
U235 is 4.2 w/o, calculate the atom densities of U235, U238, and O in this fuel material.
Let's first find the molecular weights of U and UO2. From eqn. (5), we have
w
1
0.042 0.958
=∑ i =
+
= 0.004204
MU
M
235
238
i
i

or

M U = 237.9 g / gmole

Thus, the molecular weight of UO2 becomes
M UO2 = M U + 2M O = 237.9 + 32 = 269.9 g / gmole

Now, working with units to go from the given mass density to the desired atom density gives,

Lecture Notes: Basic Atomic and Nuclear Physics
Dr. John R. White, Chemical and Nuclear Engineering, UMass-Lowell (March 2015)

6

10.5g of UO 2
237.9 g of U
0.042 g of U235 0.6022 ×1024 at. of U235
×
×
×
269.9 g of UO 2
g of U
235g of U235
cm3
or

N=
9.961×1020
U235

at. of U235
cm3

Note: At this point we note that Avogadro’s number has been written as 0.6022×1024
atoms/gmole instead of the usual 6.022×1023 atoms/gmole because a factor of 10-24 occurs within
the definition of the so-called microscopic cross sections, denoted by the symbol σ. Although
we are not ready as yet to formally define these quantities in detail, they are related to the
probability that an interaction will occur. As such, we will see that the combination Nσoccurs
quite frequently -- in fact, this combination of terms appears so often when discussing neutron
interactions, that it is given a special name, the macroscopic cross section, and it is given its
own separate symbol, Σ = Nσ. Note also that, for photon interactions, the macroscopic cross
section is often given the symbol µ = Nσ and this is called the linear interaction coefficient.
We will address all this terminology in more detail later in this course -- so be patient, and all
this lingo will indeed make sense shortly (I hope so anyway)!
The microscopic cross section has units of area and, because these quantities are usually so
small, we write them in units of 10-24 cm2 and call this amount of area a barn. Thus, the
microscopic cross sections are usually given in units of barns, where 1 b = 10-24 cm2. Now, if we
write the atom density as a multiple of 1024, when we multiply by the conversion factor of 10-24
cm2/b, the numerical factors in the exponents cancel, giving units of atoms/b-cm. Thus, in most
cases, the material atom densities are given in units of atoms/b-cm, and we will start this general
practice here in our first example of computing atom densities. With N written this way and σ in
units of barns, the product, Σ = Nσ, has units of (atoms/b-cm)× (b) = atoms/cm (or simply cm-1).
Thus, to put NU235 into these units we simply multiply the above result by the conversion factor
of 10-24 cm2/b, giving

N U235 =
9.961×1020

at. of U235 10−24 cm 2
−4 at. of U235
9.961
10
×
=
×
b
b − cm
cm3

Now, using the same approach as above, we can compute the atom densities of U238 and O as
follows:
N=
U238

and

NO
=

(10.5) 

237.9 
 0.6022 
−2 at. of U238
=
 ( 0.958 ) 
 2.243 × 10
b - cm
 269.9 
 238 

(10.5) 

32  0.6022 
−2 at. of O
=

 4.686 ×10
b - cm
 269.9  16 

and, as a check, we know that the ratio of O atoms to U atoms should be 2; thus

(

)

N O = 2N U = 2(N U235 + N U238 ) = 2 9.961× 10-4 + 2.243 × 10-2 = 4.685 × 10−2

at of O
b - cm

and, of course, we see that this check gives the expected result (to within round-off error).
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Example 4: Calculation of Material Densities for the UMLRR LEU Fuel Meat
A sketch of a typical fuel assembly in the UMass-Lowell research reactor (UMLRR) is given
below in Fig. 1. The fuel is of the Materials Test Reactor (MTR)flat plate type. Each assembly
consists of two aluminum side plates and 18 equally spaced thin fuel/aluminum plates. The low
enriched uranium (LEU) fuel assembly design uses uranium silicide fuel in only the central 16
plates, with the two end plates containing pure aluminum. The LEU element is sometimes
referred to locally as the LEU1618 design to represent the fact that only 16 of the 18 plates
contain fuel.
The meat of the standard LEU fuel plate is a U3Si2-Al alloy and the surrounding clad is pure
aluminum. The U3Si2 contribution is about 67.5 w/o of the full U3Si2-Al fuel meat. The uranium
in the LEU fuel is enriched to about 20 w/o U235. Each plate contains 12.5 g of U235. The
active fuel height is 59.69 cm (23.5 in). The detailed physical data for the LEU assembly and
fuel plate designs are summarized in Table 1.
The goal of this specific example is to compute the atom densities of the materials within the
central fuel meat region of a single fuel plate (note that the additional data given here for the
UMLRR LEU assembly design may be used in other examples and exercises).
Let’s start the desired calculations by computing the mass density of U235 within the fuel meat.
Given the fuel supplier’s data from the table, we have
ρU235=

12.5g
plate
×
= 0.6748g / cm3
plate 18.524 cm3

Fig. 1. Standard LEU1618 fuel assembly geometry.
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Table 1. Physical data for the LEU1618 assembly and fuel plate designs.
LEU Assembly Geometry
and Composition Data
fuel plates per element
aluminum plates per element

16
2

LEU Fuel Plate Geometry
and Composition Data
fuel type
U3Si2-Al
U3Si2 fraction (w/o)
67.54

U235 loading (g/element)

200

U235 enrichment fraction (w/o)

19.75

side plate thickness (cm)
channel thickness (cm)
square assembly dimension (cm)
square assembly dim. with gap (cm)

0.508
0.2963
7.62
7.7724

U235 loading (g/plate)
plate width (cm)
fuel meat width (cm)
plate thickness (cm)

12.5
7.14
6.085
0.1270

total assembly area (cm2)

60.4102

fuel meat thickness (cm)

0.0510

plate height (cm)
fuel meat height (cm)
fuel meat volume (cm3)

63.5
59.69
18.524

Now, using eqn. (2), we have

ρU235 N A 0.6748g 0.6022 at. cm 2 / b
at.U235
=
= 1.729 ×10−3
N=
U235
3
M U235
235.04 g
b − cm
cm
With the U235 density and the enrichment, we should be able to compute the total U density and
the U238 density, as follows:
0.6748g U235
1g U
=
3.417 g U / cm3
3
0.1975g
U235
cm

ρU

w
1
0.1975 0.8025
=∑ i =
+
=0.004211
MU
235.04 238.05
i Mi

or

M U =237.45g / gmole

3.417 g 0.6022 at. cm 2 / b
at.U
NU
=
= 8.666 ×10−3
3
237.45g
b − cm
cm
and

N U238 =
N U − N U235 =
6.937 ×10−3

at.U238
b − cm

Since U3Si2 has two atoms of silicon for every three atoms of uranium, we have

NSi
=

2
at. Si
N U 5.777 ×10−3
=
3
b − cm

Finally, knowing the U3Si2 fraction, we can compute the aluminum density within the fuel meat
as follows:
M U3Si2 = 3M U + 2MSi = 3(237.45) + 2(28.086) = 768.52 g / gmole
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3.417 g of U 768.52 g of U 3Si 2 (1 − 0.6754) g of Al
×
×
= 1.7717 g Al / cm3
3
3(237.45) g of U 0.6754 g of U 3Si 2
cm

=
ρAl

and

N Al
=

1.7717 g 0.6022 at. cm 2 / b
at. Al
= 3.954 ×10−2
3
26.982 g
b − cm
cm

Note that, for this calculation, additional significant figures for the molecular weights and the
intermediate computations were retained so the final densities would agree exactly (to 4 digits)
with the densities utilized in the actual LEU design calculations for the LEU-fuelled UMLRR.
------------------------Another related subject of interest here is the homogenization process, where discrete
heterogeneous material regions are assumed to be mixed homogeneously to give a
macroscopic zone with constant material properties. If the average distance traveled by the
neutron or photon is greater than the dimensions of the discrete heterogeneous regions, then the
whole group of regions appear as a quasi-homogeneous mixture with essentially constant
properties -- and this makes the modeling and analysis procedures much easier (since we can
assume spatially constant material properties).
Within this context, the above equations [eqns. (2)-(4)] describe the procedure for computing
individual atom densities for each discrete region. For computing densities averaged over a zone
containing multiple discrete regions, we simply multiply the region densities by the region
volume fraction within the zone and add the individual volume-weighted contributions. This can
be represented mathematically as
N iz
=

∑ NijVj
j∈ z

=
∑ Vj
j∈ z

∑ Nijf j

(6)

j∈ z

where Nij is the atom density of isotope i in region j, Niz is the homogenized density within the
zone containing the multiple regions, and fj is the volume fraction of region j within the zone,
with

fj
=

Vj
Vj
=
∑ Vj Vz

(7)

j∈ z

with Vj representing the volume of region j and Vz being the composite volume of all the regions
within the zone of interest.
Although the notation used in eqns. (6) and (7) may look unwieldy, the basic concept here is
pretty simple. To “see” this, consider a single isotope within a single zone (so we can drop the i
and z subscripts) containing three regions (say fuel, clad, and water regions). In this case, the
homogenized isotope density within the composite fuel zone is given by
atoms
atoms
vol of fuel
atoms
vol of clad
atoms
vol of water
= 3
+
+
3
3
3
cm of mix cm of fuel vol of mix cm of clad vol of mix cm of water vol of mix
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or

N mix = ∑ N jf j
j=1

A numerical example illustrating a 3-region homogeneous fuel pin model containing discrete
fuel, clad, and moderator/coolant regions is given in Example 5. This illustration will hopefully
clarify any uncertainty you may have concerning this subject.
------------------------Example 5: Computing Homogenized Material Densities for a PWR Fuel Pin
Consider a 17×17 PWR assembly design as illustrated in the sketch below -- this shows a top
view of the fuel pin and guide tube layout. As apparent, the regular square array of fuel pin cells
containing fuel, clad, and water is repeated 264 times along with 25 thimble cells for control rods
and/or various in-core neutron/photon detectors. In this example, we will focus on only the unit
fuel cell. In particular, given the cell dimensions and material compositions, our goal is to
compute the appropriate region atom densities and the cell-homogenized material densities.

We will consider a particular Westinghouse design with 4.2 w/o UO2 fuel with a density of 10.5
g/cm3, pure zirconium clad, and water coolant at a density of 0.72 g/cm3 (note that the clad is
really zirc-4 which contains about 98 w/o zirconium with small amounts of tin, chromium,
nickel, and other alloying elements -- but, for this calculation, we will assume pure zirconium at
a nominal density of 6.56 g/cm3). The fuel pin outer diameter is 0.9566 cm, the clad thickness is
0.0572 cm, and the fuel pin pitch (center-to-center spacing) is 1.25 cm.
To start the desired calculation, we first note that the fuel pin densities with 4.2 w/o UO2 at 10.5
cm3 have already been computed as part of Example 3. Thus, we will simply use those results
here along with the region densities for the clad and water regions. In particular, for zirconium
at 6.56 g/cm3, we have

6.56 g 0.6022 at. cm 2 / b
at. Zr
N Zr
=
= 4.331×10−2
3
91.22 g
b − cm
cm
and, for water at 0.72 g/cm3, we have

Lecture Notes: Basic Atomic and Nuclear Physics
Dr. John R. White, Chemical and Nuclear Engineering, UMass-Lowell (March 2015)

11

N=
water

molecules H 2 O
0.72 g 0.6022 molecules cm 2 / b
= 2.409 ×10−2
3
18g
b − cm
cm

and, this gives NH = 4.818×10-2 at./b-cm and NO = 2.409×10-2 at./b-cm -- but, for reasons to be
described later, we will treat the water molecule as a single entity in these calculations.
These region densities along with those computed for the fuel region in Example 3 are
summarized in the following table:
Region Atom Densities (atoms/b-cm).
Material

Fuel Pin

Clad

Water

U235

9.961e-4*

--

--

U238

2.243e-2

--

--

O

4.686e-2

--

--

Zr

--

4.331e-2

--

H2O

--

2.409e-2

* Note that the notation 9.961e-4 means 9.961×10-4 -- this shorthand format is often used
when tabulating atom densities for most nuclear science and engineering applications.

Now, to compute the material densities homogenized over the whole fuel cell (fuel, clad, and
water), we need to calculate the region volume fractions, as follows:
total cell volume = (1.25 cm)(1.25 cm) = 1.5625 cm2
fuel pin volume = (π/4)(0.9566 cm)2 = 0.7187 cm2
clad volume = (π/4)((0.9566 + 2*0.0572) cm)2− 0.7187 cm2 = 0.1822 cm2
water volume = 1.5625 cm2 – (0.7187 + 0.1822) cm2 = 0.6616 cm2
With these data, the volume fraction for region j is given by Vj/Vtotal. The computed values are
summarized below:
Region Volume Fractions.
Region

Volume Fraction

fuel

0.4600

clad

0.1166

water

0.4234

Finally, we can compute the desired homogenized densities by simply multiplying the region
densities and the region volumes fractions from the above tables, and sum along each row for
each material [see eqn. (6)]. Doing this gives the number of atoms of each isotope/material per
unit cell volume:
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Cell Averaged Atom Densities (atoms/b-cm).
Material

Average Density

U235

4.582e-4

U238

1.032e-2

O

2.156e-2

Zr

5.050e-3

H2O

1.020e-2

Note: In this example, we consistently referred to the region volumes and region volume
fractions. However, if you were paying close attention, you probably noted that we computed
the region areas and area fractions. However, since all the regions in the fuel pin have the same
height, this quantity cancels from the volume fraction calculations -- thus, the area fractions and
volume fractions are identical when the height of all the regions are identical. Therefore, the
“volume” notation followed in this case was done specifically to illustrate this point -- since
these type of calculations are often done exactly as given here in this example.
------------------------To complete our discussion of atom densities, it is appropriate to briefly mention the size
associated with the typical atom and the size for the nucleus, with focus on the fact that the atom
is “mostly empty space”. The “size” of the atom is difficult to specify precisely because the
electron cloud does not have a definite edge. However, except for the lightest atoms, the average
atomic radii are approximately constant at about 2×10-8 cm, which gives a volume of about
3×10-23 cm3 (which is indeed a very small volume).
The nucleus, containing the protons and neutrons in the center of the atom, is also somewhat
spherical in shape with a radius that is proportional to the mass number, A, raised to the 1/3
power, or
=
R 1.25 ×10−13 A1 3 cm

(8)

Thus, using this expression, the volume of the nucleus is about 8×10-39A cm3which, for the
largest A, only gives about 2×10-36 cm3 (and this is an exceeding small volume -- absolutely
minuscule compared to the volume of a single atom).Thus, by comparing the volume of the
nucleus to the volume of the atom, we see that the atom is essentially “empty space”, except for a
very tiny nucleus and for the atom’s electrons orbiting this tiny nucleus at very high speeds.
Now, to complete this visualization exercise, we note that typical neutron densities are on the
order of about 107 – 109neutrons/cm3 and that typical atom densities are on the order of
1020−1022 atoms/cm3. Thus, the neutron population is extremely small relative to the population
of material atoms that make up the reactor core and surrounding material regions. But, since
atoms are essentially “empty space”, we can visualize the neutrons as a very dilute gas that
moves through this “empty space”, with some occasional interactions of the neutrons with the
target nuclei that make up the background material. We will use this “view” of the neutron field
in later discussions of neutron transport and diffusion within the background material media.
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Mass-Energy Equivalency and Various Mass-Energy-Momentum Relationships
The concept of mass-energy equivalency via Einstein's famous formula, Et = mc2, is an
extremely important idea in the nuclear field -- where we shall see shortly that there is often a
small change in mass associated with most nuclear reactions, and this small ∆m is related to the
amount of energy given off in the reaction (exothermic) or the amount of energy needed to cause
the reaction to occur (endothermic). To quantify this mass-energy equivalency, let’s compute
the energy equivalent to a change in mass of 1 amu, or

 1.66054 ×10-24 g  
10 cm 
∆E =∆mc 2 =(1 amu ) 
 2.99792 ×10

1 amu
sec 


 10-7 J  
1 MeV

1.49241x10-3 ergs 

 ≈ 931.5 MeV
-13
 erg   1.60217x10 J 
2

This is a very useful quantity that we will use quite often -- that is, you can think of mass and
energy as being equivalent and 931.5 MeV/amu as a simple conversion factor between energy
and mass units.
The ‘t’ subscript on the energy variable in the Et= mc2 expression is to emphasize that this
represents the total energy of the object or particle. In addition, we note that Einstein’s theory of
relativity shows that the mass, m, varies with the object’s speed, v, relative to a fixed observer as
m=

mo
1 − v2 / c2

(9)

where mo is the rest mass of the object and c is the speed of light. Clearly, in eqn. (9), m → m o
if v << c which agrees nicely with our understanding and observations of the macroscopic world,
and we see that m → ∞ as v → c (which tells us that the speed of an object with a finite rest
mass cannot exceed the speed of light).
Using eqn. (9), the total energy (combination of kinetic energy and rest energy) is given by

Et =

mo c2
1 − v2 / c2

(10)

and the kinetic energy, which we denote simply as E (see Note), can be expressed as


1
E =E t − E rest =m o c 2 
− 1
2
2
 1− v / c


(11)

-------------------Note: In the text, Fundamentals of Nuclear Science & Engineering by Shultis and Faw, they
use T for kinetic energy and E for total energy when discussing nuclear energetics. However, the
quantity used most often in practical applications is the kinetic energy and, in most of the
Nuclear Science & Engineering (NSE) literature, kinetic energy is denoted by the variable E.
Thus, in these Lecture Notes we will use E for kinetic energy and Et to denote the total energy of
an object, where Et = E + moc2.
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Of course, if we know the kinetic energy, E, we can solve for the particle speed from eqn. (11),
which gives
mo c2 )
(
E rest 2
v
=
=
−
1−
1
2
c
Et2
( E + mo c2 )
2

(12)

To investigate typical expected particle speeds for the electron, proton, and neutron, we have
summarized the rest mass equivalent energy (MeV)and the v/c results from eqn. (12) for a
variety of kinetic energies in Table 2.
Table 2. Relationship of v/c versus kinetic energy for several particles.
Particle

moc2
(MeV)

v/c for
E = 10 keV

v/c for
E = 100 keV

v/c for
E = 1 MeV

v/c for
E = 10 MeV

electron

0.5110

0.195

0.548

0.941

0.999

proton

938.3

0.005

0.015

0.046

0.145

neutron

939.6

0.005

0.015

0.046

0.145

This choice of energies covers a wide range, and the upper level is about as large as one will see
in typical nuclear reactor applications (i.e. most neutron energies, for example, are well below 10
MeV). Thus, we see that, at the high end of the possible neutron energies (i.e. 10 MeV), v/c is
only about 15% of the speed of light but that, even at only a relatively modest energy of 10 keV,
the electron speed already exceeds this value. However, as shown below in Example 6, the
classical expression for the kinetic energy is quite sufficient for v/c ≤ 0.2. Thus, from this
analysis, we can argue that relativistic effects for electrons are indeed important but, for neutrons
at typical nuclear reactor energies, treating relativistic effects is simply not necessary!!!
------------------------Example 6: Importance of Relativistic Effects
The kinetic energy of an object with nonzero rest mass can be expressed as



1
E =E t − E rest =m o c 2 
− 1
2
2
 1− v / c

To determine the importance of the relativistic correction term in a particular situation, let's
simplify the above equation. From the binomial series, recall the expansion

(1 − x )

−n

=+
1 nx +

n ( n + 1) x 2 n ( n + 1)( n + 2 ) x 3
+
+ ...
2!
3!

for x 2 < 1

and for n = 1/2, we have

(1 − x )

−1/2

1
3
15
1 + x + x 2 + x 3 + ...
=
2
8
48

Using this result, the expression for kinetic energy becomes (with x = v 2 / c 2 )
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3
15
1
 1
v
=
E mo c2  x + x 2 + x 3=
+ ...
mo c2  
8
48
2
 2
c

2

15 2
 3

1 + 4 x + 24 x + ...

or for v/c = 0.20

E=

1
1
m o v 2 (1 + 0.0300 + 0.0010 ) ≈ m o v 2 (1.03)
2
2

v/c = 0.15

E=

1
1
m o v 2 (1 + 0.0169 + 0.0003) ≈ m o v 2 (1.02 )
2
2

v/c = 0.10

E=

1
1
m o v 2 (1 + 0.0075 + 0.0001) ≈ m o v 2 (1.01)
2
2

Thus, we see that, with v = 0.1c (which, although only 10% the speed of light, is still a very high
velocity), we would only incur a 1% error if relativistic effects were ignored -- and, even with
v/c = 0.2, there would only be about a 3% error. Thus, the usual “rule of thumb” is to include the
relativistic formulation if v/c > 0.2 and, for lower velocities, we simply utilize the classical
kinetic energy expression, E = 12 m o v 2 .
------------------------In the reactor physics field we are primarily interested in the interactions of neutrons with the
material contained within the reactor system. The neutrons will have a wide spectrum of
energies that spans several orders of magnitude. However, as just discussed, for all the energies
of real interest (i.e. in the range from 10MeV to well below 1 eV), the neutron velocity is much
less than the speed of light, c. Therefore, for the study of reactor physics, we typically do not
have to treat relativistic effects (as illustrated in Example 6) when addressing neutron
interactions. Thus, in classical terms, the neutron’s kinetic energy is given as E = 12 m o v 2 , where
v is the neutron speed and mo is its rest mass.
Alternatively, writing the neutron speed in terms of the energy gives

v=

2E
mo

(13)

and, since m o = 1.67493×10 −24 g, we have,

 2 ( E in eV ) (1.602 ×10−12 ergs/eV )( g ⋅ cm 2 ⋅ sec −2 / erg ) 

v=
1.67493 × 10-24 g



1/2

or
=
v 1.383 × 106 E

(for neutrons)

(14)

with E in units of eV and v in units of cm/s.
Note that if E = 0.0253 eV, then eqn. (14) gives v = 2.200×105 cm/s = 2200 m/s. For thermal
reactors, a neutron energy of 0.0253 eV or speed of 2200 m/s has special significance since much
of the data used in simple hand calculations for these reactors are tabulated at this energy. We
shall see a bit later how this particular energy comes about and why the data are tabulated at this
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energy -- but, for now, you should simply recognize that this energy and speed have special
significance, with more details to come at a later time…
In working with nuclear reactions, we will also be concerned with the particle’s momentum. For
particles with nonzero rest mass, the momentum, p, is simply p = mv, where, in general, the
velocity and momentum are vector quantities. In 1-D problems or if we are only interested in the
magnitude of the momentum, then this reduces to a scalar relationship, p = mv, where p is the
magnitude of momentum and v is the particle speed (magnitude of the velocity vector).
For a classical (non-relativistic) treatment, since the particle’s kinetic energy is simply
E = 12 m o v 2 , we can write the magnitude of the momentum in terms of the kinetic energy as

1
p2
2
E = mo v =
2
2m o

or

p = 2m o E

(15)

This expression will be useful for neutrons and heavier particles where relativistic effects are
negligible within typical reactor environments.
For electrons, however, where relativistic effects are indeed important (see Table 2), the
relationship between momentum and kinetic energy is not so simple -- but we can derive the
pertinent expression as follows.
We start by squaring both sides of eqn. (9) to give

 v2 
m 1 − 2  =
mo 2
 c 
2

Now, with a little rearrangement we have

( mc ) − ( mv )
2

or

2

=
( mo c )

2

2
2
1
1
2
2
2
p 2 =( mv ) =( mc ) − ( m o c ) = 2 ( mc 2 ) − ( m o c 2 )  = 2 ( E t 2 − E rest 2 )
 c
c 

Now, since E t= E + E rest , we have

p2 =

1 
1
2
E + E rest ) − E rest 2  = 2 ( E 2 + 2EE rest )
2 (
 c
c

or

=
p

1
E 2 + 2EE rest
c

(16)

where E is the particle’s kinetic energy and E rest = m o c 2 is the energy equivalent of its rest mass.
Note that, when the rest mass energy is much greater than the particle’s kinetic energy
(i.e. Erest>> E), then eqn. (16) simply reduces to the classical representation given in eqn. (15) -which is valid for neutrons and heavier particles at typical energies in a nuclear reactor.
The above mass-energy-velocity relationships apply to objects that have a finite non-zero rest
mass. In contrast, photons (x-ray and γ-ray radiation in our work) have no rest mass and they
always travel at the speed of light. In this situation the energy formula becomes E = h ν , where h
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is Planck's constant (4.1357×10 -15 eV-sec) and ν is the frequency of the electromagnetic
radiation (sec-1). This expression is often written in terms of the wavelength, λ = c/ ν , giving

E = hν =

hc
λ

or

λ=

hc
E

(17)

This says that energy and wavelength have an inverse relationship -- that is, the higher the
energy, the smaller the wavelength.
Note also that, with Erest = 0 for photons, eqn. (16) gives the momentum as

p=

E
c

(18)

Thus, eqns. (17) and (18) are the key energy and momentum relationships typically used for
photon interactions.
As a final note here we should emphasize that the concept of wave-particle duality says that
particles can behave like waves and that electromagnetic waves can, at times, behave like
particles. Based on this wave-particle duality principle (see Section 2.2 in Shultis and Faw for a
more detailed description), x-ray and γ-ray radiation can have both wave-like and particle-like
properties and, in dual fashion, neutrons, protons, electrons and other "particles" with non-zero
rest mass can behave like waves. In particular, combining eqns. (17) – (18) gives that λ = h/p
and inserting eqn. (16) into this result gives
λ=

h
=
p

hc

(19)

E + 2EE rest
2

which effectively defines a wavelength for particles with nonzero rest mass (and, of course, this
also works when Erest = 0). Equation (19) gives the so-called de Broglie wavelength.
The key observation here is that, when the wavelength of an object is much less than the atomic
dimension (~ 10-8 cm), it behaves more like a classical particle than a wave. In addition, at very
low energies, even a particle like the neutron can have some wavelike properties, since the de
Broglie wavelength can approach or exceed atomic dimensions.
Inserting numerical values into eqn. (19) with c = 2.9979×1010 cm/s gives the photon wavelength
as

λ
=

hc 1.240x10−4
=
E
E

(for photons)

(20)

and, for the neutron, the de Broglie wavelength is
=
λ

h
2.860 ×10−9
=
≈
2Em o
E
E 2 + 2Em o c 2
hc

(for neutrons)

(21)

where λ is in cm and E is in eV.
From eqn. (21) we see that the de Broglie wavelength for neutrons is less than typical atomic
dimensions (~ 10-8 cm) for all energies above 1 eV, but for lower energies, the wavelength
approaches and becomes larger than the size of a typical atom (for example, for E = 0.001 eV,
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λ≈9×10-8 cm which is now slightly larger than the radius of a typical atom). For photons, when
the energy is above about 10 keV we observe more particle-like behavior and, below this energy,
the observed phenomena becomes more wave-like in nature (such as the existence of diffraction
and interference patterns). This distinction of having more wave-like vs. more particle-like
behavior is illustrated nicely in the sketch given below (taken from pg.31 of Fundamental of
Nuclear Science and Engineering, 2nd Ed. by Shultis and Faw).
Finally we note that the field of nuclear science and engineering (NSE) deals primarily with
short wavelength electromagnetic radiation (gamma radiation) and with neutrons with energies
above about 0.001 eV. Thus, this first course in the fundamentals of NSE will focus on the
particle-like interactions of photons and neutrons with matter. Although very important for
many areas of application, the field of quantum mechanics (or wave mechanics) will not be
emphasized here, since our focus will be on the higher energy, shorter wavelength interaction of
neutrons and gamma photons with matter.

Figure 2.8 from Shultis and Faw: The de Broglie wavelength for several objects as their kinetic energy
varies. Shown are the electron (e−), a hydrogen atom (H), an atom of 238U (U), a 1-mg fruit fly, and a 2000-lb
car. For wavelengths larger than atomic sizes, the objects’ wave-like behaviors dominate, while for smaller
wavelengths, the objects behave like particles. On the right, regions of the electromagnetic spectrum are
indicated.
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Nuclear Reaction Energetics
Although a comprehensive treatment of nuclear reactions is beyond the scope of this course
(usually studied in detail in a nuclear physics course), there are several points that need to be
discussed here. These include the treatment of the basic notation associated with nuclear
reactions and the study of some concepts related to the various conservation laws that apply. In
particular, the four fundamental conservation laws that govern the interactions of interest include
the conservation of nucleons, charge, momentum, and energy. At present, our main emphasis is
on the introduction and understanding of the terms Q-value, mass defect, and binding energy
(other concepts will be introduced at a later time).
If the reactants are denoted by a and b, and the products are given by c and d (assuming only two
reactants and products for simplicity), the reaction can be represented as a + b → c + d. In a
typical situation, particle a is at rest and particle b collides with the target. In this case, the
reaction would be given as a(b,c)d or a(b,d)c, whichever is more appropriate. Also, in the case
where only a single product nucleus (with nonzero rest mass) is formed and a gamma ray is
given off, the standard notation is a(b,γ)c. For example, parasitic capture in U235 is represented
as 235U(n,γ)236U.
Considering the situation with two reactants and two products again, we can write the
conservation of energy relationship as
E a + E b + ma c2 + m bc2 = E c + E d + mcc2 + md c2
reactants

products

(22)

where the E terms represent the kinetic energies of the reactant and product nuclei or particles
and the mc2terms account for their rest mass energies. The energy conservation equation says
that the total energy of the reactants and the total energy of the products must be equal -- that is,
total energy must be conserved in any reaction.
Now, rearranging eqn. (22) a little gives

Q = ( E c + E d ) − ( E a + E b ) = ( m a + m b ) − ( m c + m d )  c 2
products

reactants

reactants

(23)

products

Thus, we see that the change in the kinetic energies of the reaction constituents before and after
the interaction is simply related to the difference in the nuclear rest mass energies. This
difference is known as the Q-value, where

Q > 0 exothermic ⇒ mass is converted to kinetic energy
and

Q < 0 endothermic ⇒ kinetic energy is converted to mass
For the exothermic reaction, energy is given off and, for the endothermic reaction, energy is
needed to cause the reaction to occur.
It should be emphasized that the masses in eqns. (22) and (23) refer to the masses of the
individual nuclei a, b, etc., since nuclear reactions only involve the atomic nuclei. In this work,
the nuclear masses are denoted with a lower case ‘m’ -- that is, ma refers to the nuclear mass of
component a, mb represents the mass of the nucleus of component b, etc.. However, if we add
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the mass of Za electrons to ma, and Zb electrons to mb, etc., we see from the conservation of
charge and the conservation of protons that this gives Q written in terms of the atomic masses,
or
Q=

{( m

a

}

+ Za m e ) + ( m b + Zb m e )  − ( m c + Zc m e ) + ( m d + Zd m e )  c 2
reactants

(24)

products

where me is the rest mass of the electron, and the term within each of the parentheses is simply
the mass of the neutral atoms, which we denote with an upper case ‘M’ -- that is, Ma is the
atomic mass of component a, Mb is the atomic mass of reactant b, etc.. With this notation, eqn.
(24) becomes

Q=

{[ M a + M b ] − [ M c + M d ]} c2
reactants

(25)

products

Since the masses of the neutral atoms are readily available, eqn. (25)[instead of eqn. (24)] is
usually used in the computation of Q-values.
------------------------Note: The above development assumes conservation of protons (instead of the conservation of
nucleons), where Za + Zb = Zc + Zd. Although this is the usual case, there are some radioactive
decay reactions, for example, where a proton effectively transforms into a neutron and vice
versa. However, these cases can also be treated in a similar manner as above if one is careful to
balance the number of additional electrons placed on both sides of the balance equation.
------------------------Another concept which closely relates to the Q-value of a nuclear reaction is the binding energy
of a nucleus. Here we note that the masses of all nuclei are somewhat smaller than the sum of
the individual masses of their constituents. This mass difference is referred to as the mass defect,
∆ma, and this can be written as

∆m =
Za m p + N a m n − m a
a

(

)

= Za m p + m e + N a m n − ( m a + Za m e )

( )

= Za M 1 H + N a m n − M a

(26)

= Za M H + N a m n − M a
where ma is the mass of the nucleus, M(1H) or MH is the mass of the neutral hydrogen atom, Ma
is the mass of the neutral atom in question, etc.. If this mass defect ∆ma is converted to energy
units (recall that 1 amu = 931.5 MeV/c2), the result is equal to the energy which is required to
break the nucleus into its constituent nucleons. This energy is known as the binding energy of
the nucleus, or
BE a = ∆m a c 2

(27)

Note also that when nucleus a is produced from Aa = Za + Na nucleons, the BEa is equal to the
energy released in the process.
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------------------------Note: The above discussion formally should include additional terms that account for the
binding energy of the atomic electrons. For example, in the correspondence between eqns. (24)
and (25), we should really write Ma in terms of its constituents as

M a =m a + Zm e −

BE Ze
c2

where the last term is the mass equivalent of the binding energy associated with Z electrons
within the neutral atom (this binding energy is the energy needed to strip all the atomic electrons
from the atom). However, in all cases, the difference in the binding energy of the electrons
between the reactants and products make a negligible contribution to the total Q-value, so these
terms are usually dropped in going from eqn. (24) to eqn. (25), and from subsequent discussion.
------------------------It is convenient a quite instructive to plot a curve of the average binding energy per nucleon,
BE/A, versus the mass number A. The nuclei with high BE/A are highly stable, and a relatively
large amount of energy must be supplied to these nuclei to break them apart. On the other hand,
when these stable nuclei are formed from the fission of heavy elements or the fusion of light
elements, a relatively large amount of energy is released. This relationship is the fundamental
mechanism underlying fission and fusion energy systems.

Binding energy per nucleon versus mass number.
The Q-value for fusion and fission (and most other nuclear reactions) can be expressed in terms
of the binding energies of the reacting particles. Given binary reaction a + b → c + d, we can
write the mass of reactant a from eqns. (26) and (27) as

( )

M=
Za M 11 H + N a m n −
a

BE a
c2
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and so on for b, c, and d. Substitution of these expressions into eqn. (25) gives
Q = ( BE c + BE d ) − ( BE a + BE b )
products

(29)

reactants

where we have used the fact that the number of neutrons and protons is usually conserved, or

( Za + Zb ) M ( 11 H ) + ( N a + N b ) m n =
( Zc + Zd ) M ( 11 H ) + ( N c + N d ) m n

(30)

Equation (29) shows that a particular reaction is exothermic when the total binding energy of the
products is greater than that of the reactants.** Thus, when a more stable configuration is
produced (i.e. higher BE/A nuclei are generated) from less stable nuclei, energy is released in the
process. Examples 7 and 8 illustrate this energy conversion for the fusion and fission processes
for a couple specific cases. Also, as additional illustrations of computing Q values, Examples 9
and 10 show two other common situations that occur frequently -- an n,p reaction in O16 and a
radioactive decay reaction in Al28.
------------------------**Note that the conservation of both protons and neutrons separately is true in most nuclear
reactions -- but not in all cases (i.e. some radioactive decay reactions can essentially convert
protons into neutrons and vice versa). In cases where both neutrons and protons are not
conserved separately, then eqn. (29) is not valid.
------------------------We should also note that the above BE/A curve shows the average binding energy per nucleon,
not that associated with any one nucleon. In future discussions related to the process of fission in
the heavy elements, it will be of interest to discuss the concept of separation energy (for
neutrons, this is sometimes called the binding energy of the last neutron). The reaction of
interest here is A −Z1 X + n → AZ X , and the Q-value for this reaction is given by

{ (

Q =E s = M


A −1
ZX

)+m

−M

n

( X )} c
A
Z

2

=BE

( X ) − BE (
A
Z

A −1
ZX

)

(31)

Example 11illustrates the use of eqn. (31) -- which is just a special case of the more general
equations given above.
As a final point, it should also be noted that many reactions produce product nuclei in an excited
state -- which subsequently decays to the ground state via emission of one or more gamma
photons. In calculating the Q-value for these type of reactions, the mass of the excited nucleus is
greater than that of the nucleus in its ground state by an amount E*/c2, where E* is the level of the
excited state above ground level. Thus, the mass of a neutral atom with its nucleus in an excited
state is given by

(

)

A *
M=
X
M

( )
A

Example 12 utilizes the

X +

10

E*
c2

B ( n, α ) 7 Li* reaction as an illustration of how to use eqn. (32).
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Example 7: Energy Release in Fusion
As an illustration of using eqn. (29), consider the following fusion reaction,
2
2
1H + 1H

→

3
1
1H + 1H

The binding energy of the reactants and products are

( ) { ( )

( )}

( ) {M ( H ) + m

n

BE 11 H =M 11 H − M 11 H c 2 =
0

BE 21=
H

1
1

−M

( H )} c
2
1

2

= [1.007825 + 1.008665 − 2.014101] × 931.5
= 2.225 MeV

BE

( H=) {M ( H ) + 2m
3
1

1
1

n

−M

( H )} c
3
1

2

= 1.007825 + 2 (1.008665 ) − 3.016049  × 931.5
= 8.482 MeV
Thus, eqn. (29) gives a Q-value for this reaction as
Q =  BE


( H ) + BE ( H ) − BE ( H ) + BE ( H )
3
1

1
1

2
1

2
1

Q = (8.482 + 0) – (2.225 + 2.225)= 4.032 MeV
Thus, about 4 MeV of energy is released for each D-D fusion event.
------------------------Example 8: Energy Release in Fission
Following the same logic as in Example 7, let's estimate the energy release from a specific
fission reaction in U235. Assume that the particular reaction of interest is
235
92 U + n

→

94
38 Sr

+ 139
54 Xe + 3n

where Sr94 and Xe139 are the two fission products. The binding energy of the components are:

BE

(

) {38M ( H ) + 56m

94
Sr
38 =

1
1

n

−M

(

94
38 Sr

)} c

2

= 38 (1.007825 ) + 56 (1.008665 ) − 93.91536  =
× 931.5 807.8 MeV
BE

(

) {54M ( H ) + 85m

139
=
54 Xe

1
1

=
BE

(

−M

(

139
54 Xe

)} c

2

[54(1.007825) + 85(1.008665) - 138.9188]=
× 931.5 1155.3MeV

) {92M ( H ) + 143m

235
=
92 U

=

n

1
1

n

−M

(

235
92 U

)} c

2

[92(1.007825) + 143(1.008665) - 235.0439]=
× 931.5

1783.9 MeV

Thus, since the BE for the neutron is zero, the energy release for this specific fission reaction is
Q = BE


(

94
38 Sr

) + BE (

139
54 Xe

) − BE (

235
92 U

)
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Q = (807.8 + 1155.3) – (1783.9) = 179.2 MeV
This value is very close to the average value of 180 MeV per fission that is assumed in most
preliminary calculations for the prompt fission energy -- this includes the kinetic energy of the
fission products and neutrons, and the energy associated with the prompt fission gammas (the
prompt gammas are not included in the above reaction since they do not have any rest mass
energy). Note that this example calculation does not include the energy released from
subsequent fission product decay and the capture gammas released when many of the fission
neutrons undergo parasitic capture -- these additional energy components add roughly another
20 MeV per fission event to bring the total recoverable energy per fission to about 200 MeV.
------------------------Example 9: n,p Reaction in O16
Consider the reaction
16
1
8O + 0 n

→ 167 N − + 11 p +

We can write this reaction in shorthand notation as
this case, the Q value is computed as

{

mn + M
Q=


( O ) − M (
16
8

16
7N

16

O ( n, p ) 16 N -- a typical n,p reaction. For

) + M ( H )} c
1
1

2

or
Q = [(1.008665+ 15.99491)– (16.00610 + 1.007825)]×931.5 = -9.64 MeV
This is an example of a threshold reaction -- that is, an endothermic reaction which requires that
the incident particle have some threshold kinetic energy before the reaction can occur. Thus, for
this case, the kinetic energy of the incident neutron must be greater than 9.64 MeV(i.e. nearly 10
MeV) for the reaction to be even possible.
Also, we should note that the above Q-value expression has included eight electron masses
within both the reactants and products so that the neutral atomic masses could be used. This is
indeed a proper balance since charge must also be conserved within each reaction. The extra
electron associated with the negatively charged 16N atom is combined (conceptually) with the
proton to give neutral 16N and 1H as the products in the mass-energy balance equation for the
Q-value. In fact, however, the ionized 16N atom gives up its extra electron to the surrounding
medium and the positively charged proton captures an electron from the background material to
form 1H -- so both products do eventually become neutral atoms.
------------------------Example 10: Radioactive Decay of Al28
Al28 is radioactive with a half-life of about 2.24 minutes. In particular, it decays by β- decay to
Si28 as follows:
28
13 Al

→

28 +
14 Si

+ −01 e + ν

We will study radioactive decay in some detail in the next subsection (see below), but β- decay is
essentially a nuclear process that converts a neutron into a proton, electron, and anti-neutrino.
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The Si28 daughter product initially lacks one orbital electron, and thus it is a singly charged
positive ion (denoted with the + superscript). However, the daughter quickly acquires an
electron from the surrounding medium to neutralize itself.
To compute the Q-value for this reaction, we simply note that there is only one reactant and, with
the electron used to neutralize the Si28 ion (conceptually), there is effectively only one product
(from an energy conservation perspective). Thus, the Q-value is given as
=
Q

{M (

28
13 Al

)− M(

28
14 Si

c
)}=
2

=
( 27.98191 − 27.97693) × 931.5

4.64 MeV

Clearly, for β- decay to occur, the mass of the parent nucleus must always be greater than that of
the daughter. This is true here, and the mass difference shows up as the decay energy distributed
among the daughter nucleus, electron, and anti-neutrino.
------------------------Example 11: Binding Energy of the Last Neutron in U236
As an illustration of the use of eqn. (31), let's calculate the binding energy of the last neutron in
U236. The reaction of interest here is
U235 + n → U236
Therefore,
=
Q

or

{M (

235
92 U

)+m

n

−M

(

236
92 U

)} c

2

Q = (235.04392 + 1.008665 – 236.04556) × 931.5 = 6.54 MeV

Thus, in the capture of a neutron in U235, about 6.5 MeV is released (shared between the kinetic
energy of the U236 nucleus and a gamma photon that is emitted). On the other hand, if we
reversed the reaction, we see that it takes about 6.5 MeV of energy to remove a neutron from
U236. Thus, the binding energy of the last neutron in U236 is about 6.5 MeV.
------------------------Example 12: Treatment of Nuclei in Excited States
As an illustration of the use of eqn. (32), let's calculate the Q-value associated with the n,α
reaction in B10, since this reaction often leaves the Li nucleus in an excited state about 0.48
MeV above ground level. The reaction of interest here is
10
5B + n

→ 73 Li*2− + 42 He 2+

and, using eqn. (32), the Q-value can be written as

{M ( B) + m  − M ( Li ) + M ( He)} c

=
Q

10
5

n

7
3

*

4
2

2

{[10.01294 + 1.008665 ] − ( 7.01600 + 0.48 / 931.5) + 4.00260} × 931.5

=

= 2.32 MeV
Thus, the Q-value for this reaction with transition to the excited state of Li7 is about 2.32 MeV.
The excited level in Li7, however, is short lived, with the emission of a 0.48 MeV gamma
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photon to bring the Li nucleus to its ground state. Thus, the total energy released in the reaction,
including the decay to the ground state, is (2.32 + 0.48) = 2.80 MeV.
------------------------Nuclear Models, Stability, and the Semi-Empirical Mass Formula
There are a number of theoretical models that describe various aspects of the nucleus but, to a
large extent, these are rather crude compared to the available models that describe the interaction
of atomic electrons. This state of affairs is simply due to the complexity of the observed
phenomena and the fact that we are still learning about the fundamental makeup of nuclear
matter and the forces that hold matter together. Thus, it may be some time before a single
comprehensive model of the nucleus can explain all the observed phenomena.
However, for the study of reactor physics and nuclear technology, in general, the detailed nature
of how nucleons interact is really not needed. It is, however, convenient to have a qualitative
“picture” or “view” of the nucleus that explains certain key phenomena -- especially those
related to the stability of the nucleus. Two such interpretations are the so-called shell model and
liquid drop model of the nucleus.
Both models assume that the nucleus is made up of protons and neutrons. The protons, with
their positive electric charge, tend to repel each other. To overcome this Coulomb repulsive
force, a strong short-range attractive force, called the nuclear force, is assumed to exist between
nucleons (proton-proton, neutron-neutron, and proton-neutron). An illustration of the Coulomb
and nuclear forces is given in the sketch below (from pg. 63 of Fundamentals of NSE 2nd Ed. by
Shultis and Faw), which shows the potential energy of a proton and neutron as they approach the
center of the nucleus. The potential energy of both particles is zero at large separation distances.
However, as the proton approaches the nucleus, the Coulomb forces increase the potential energy
until the proton approaches the surface of the nucleus, where the nuclear force becomes a strong
attractive force that binds the proton to the nucleus (meaning that kinetic energy would have to
be added to remove the proton from the potential well -- thiskinetic energy is the binding
energy). The neutron behaves in a similar fashion but, because it is neutral, there is no
electrostatic repulsive force. The combined nuclear forces among all the nucleons tend to
overcome the Coulomb repulsive forces creating a negative potential well -- the deeper the
well, the more stable the nucleus, and the more kinetic energy (binding energy) that would be
needed to separate the nucleons from the nucleus.

Illustration of Coulomb and nuclear forces.
Lecture Notes: Basic Atomic and Nuclear Physics
Dr. John R. White, Chemical and Nuclear Engineering, UMass-Lowell (March 2015)

27

A plot showing the neutron and proton numbers (N and Z, respectively) of all the known
nuclides is given below -- called a Chart of the Nuclides -- where the stable nuclides are
shown with solid squares and the radioactive (unstable) nuclides are noted by a cross (this figure
is also from Shultis and Faw). As apparent here, as the mass of the nucleus increases, more
neutrons than protons are needed to create a stable isotope -- the extra neutrons, and their
associated short-range nuclear forces, are needed to overcome the increased Coulomb repulsive
forces due to the higher proton numbers. Also, as apparent, beyond Z = 83 (bismuth), simply
adding more neutrons can no longer provide the extra nuclear forces needed to overcome the
electrostatic repulsive forces -- since there are no stable nuclides with Z > 83 (although some of
the nuclides above Z = 83 have very long half-lives)!

Qualitative Chart of the Nuclides.
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Further information concerning the number of stable isotopes versus Z and N is also
enlightening, as shown in the figures below (also from Shultis and Faw). Here we see that there
are many more stable isotopes with even N and/or Z than odd N and/or Z, implying that stability
is increased when neutrons and protons are paired with like nucleons.

Number of stable nuclides versus neutron number, N.

Number of stable nuclides versus proton number, Z.
In addition, there is a strong case that the so-called magic numbers 2, 8, 20, 28, 50, 82, and 126
(which are all even and include neutron-neutron and/or proton-proton pairings) represent closed
shells within the nucleus -- which tends to support the shell model of the nucleus. This model,
which requires a good understanding of quantum mechanics to explain in detail, describes the
energetics of the nucleons in the nucleus in a manner analogous to that used to describe the
discrete energy states of the electrons within the atom. This general view of protons and
neutrons orbiting within discrete shells will allow us to describe/explain several observed
phenomena as we discuss various types of neutron interactions with matter.
There is a lot of evidence that supports the basic shell model of the nucleus. One observation, in
particular, is the very high binding energy of nuclei with both Z and N being magic -- these are
referred to as being “doubly magic” (these nuclides include elements such as 42 He, 168 O, 40
20 Ca,
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and 208
82 Pb ). Another important fact is that isotopes with a magic number of neutrons (i.e.
presumably a closed shell) are observed to have a relatively
low probability of absorbing an additional neutron. This is
illustrated in the sketch to the right which shows that the
neutron capture cross sections for different nuclei are
about two orders of magnitude lower when the neutron
number N is a “magic number”. This indicates that these
nuclei are much less likely to absorb a neutron, and this
information can be used to advantage when selecting
materials for various applications. For example, 90
40 Zr , with
50 neutrons, is the predominant stable isotope of natural
zirconium, and this element is often used as a clad material
within LWRs because of its good material compatibility and
its relatively low absorption cross section.
Observations also show that only discrete energy transitions can occur when the nucleus in an
excited state decays to a lower state. This phenomena is analogous to the observed emission of
x-rays when the electrons in the atom move to a lower shell, thereby emitting a discrete quantity
of electromagnetic radiation (these x-rays typically have energies on the order of eV to keV).
Within the nucleus, the same type of behavior is observed, with the emission of γ-rays with
energies on the order of MeV (γ-rays are just high
energy x-rays that are emitted from the nucleus
instead of from the electron shell). By observation
of the discrete gamma emissions from excited nuclei,
one can construct nuclear energy-level diagrams for
all the nuclides. These consist of a stack of
horizontal lines, where each line represents the
energy level of the excited states of the nucleus (see
the sketch for the key energy levels of Ni60, for
example). Transitions between various levels and
between the excited level and the ground state lead to
a variety of discrete gamma energies. These energylevel diagrams hold a lot of useful information, and
they certainly support the basic ideas associated with
the shell model of the nucleus.
Another useful visualization is the liquid drop model -- which treats the nucleus as if it were a
drop of an incompressible liquid. This model comes from observations that the near constant
density of nuclear matter is analogous to an incompressible liquid and the assumption that the
short-range nuclear forces that hold the nucleus together only bind a given nucleon to its
immediate neighbors -- which is similar to a liquid droplet in which each molecule only
interacts with its neighboring molecules. The liquid drop model, in particular, helps explain the
binding energy correction needed to justify the observed masses of the known isotopes.

Lecture Notes: Basic Atomic and Nuclear Physics
Dr. John R. White, Chemical and Nuclear Engineering, UMass-Lowell (March 2015)

30

To see this, consider the mass of the nucleus as simply the sum of the masses of Z protons and
N = (A-Z) neutrons minus a correction term to account for the binding energy of the nucleons
within the nucleus. This correction term contains the following factors:
1. Volume Component: Since each nucleon only interacts with its nearest neighbors, the
volume binding energy component, BEV, should be proportional to the number of nucleons,
A. Thus, BEV = αA, where α is the proportionality constant.
2. Surface Component: Nucleons near the surface of the nuclear droplet are not completely
surrounded by other nucleons and, thus, are not as tightly bound as the interior nucleons.
This surface tension effect is proportional to the surface area -- that is, proportional to R2 or
A2/3 [via eqn. (8)]. Thus, a surface binding energy correction of the form BEsurf = -βA2/3 is
needed, where the negative sign implies that this effect reduces the total binding energy.
3. Coulomb Correction: Clearly the protons have a repulsive electrostatic force that decreases
the overall binding force. The electrostatic potential energy is proportional to Z(Z-1)/R or
Z(Z-1)/A1/3≈ Z2/A1/3. Thus, the Coulomb correction to the binding energy can be written as
BECoulomb = -γZ2/A1/3.
4. Asymmetry Correction: For low A nuclides there is a preference for the stable isotopes to
have the same number of protons and neutrons (i.e. N = Z). However, for large A, this is
clearly not the case. If we consider that this asymmetry has a negative effect on the binding
energy, then we can think of (N-Z)/A = (A-2Z)/A as a measure of the asymmetry per
nucleon. In practice, the numerator term is usually squared, and the asymmetry correction to
the binding energy is given as BEasym = -ζ(A-2Z)2/A.
5. Pairing Component: As noted above, it has been observed that pairing both neutrons and
protons produces more stable nuclides (i.e. increases the binding energy). On the other hand,
unpaired neutrons and protons decrease stability. To account for this observation, a pairing
correction of the form BEpair = -δ/A1/2 is used, where

 +ε for odd N, odd Z

δ = 0 for odd N, even Z or even N, odd Z
 - ε for even N, even Z
Putting all these corrections together gives the so-called semi-empirical mass formula for the
nuclear mass of nuclide a,

m a = Za m p + N a m n −

BE a
c2

(33)

where

BE a 1
= 2
c2
c


δ 
Z2
(A − 2Z) 2
2/3
α
−
β
−
γ
−
ζ
− 1/2 
A
A

1/3
A
A
A 


(34)

where the empirical coefficients (α, β, γ, etc.) are obtained by fitting the model to the known
measured masses. Note also, as before, if we add Za electrons to each side of eqn. (33), we get
the masses in terms of the neutral atomic masses,
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( )

M=
Za M 11 H + N a m n −
a

BE a
c2

(35)

As an application of eqn. (35), we might ask the question, for a given mass number, A, what is
the most stable nuclide of the isobar -- that is, which Z has the smallest mass for any given A?
This can be determined theoretically from the semi-empirical mass formula by setting ∂Ma/∂Z
for constant A to zero and solving for Z (which gives the Z for minimum Ma). The solution here
for ZminM vs. A is plotted on page 26 as a solid line along with the individual squares for all the
stable isotopes. Clearly, as apparent in the plot, the agreement with the actual observed nuclide
stability trend is excellent.
In summary, although neither the shell model nor the liquid drop model can explain all observed
phenomena, they do help us visualize many aspects of what might be really happening in the
nucleus. From the perspective of this course, this qualitative visualization of the structure of the
nucleus is quite sufficient for our needs -- and we will leave it up to the nuclear physicists to
formally develop a comprehensive or “unified” model that can accurately predict and quantify
the various experimental observations made over the years. Note, however, if you are really
interested in more substance and rigor on this subject, I suggest that you consider taking formal
courses in Quantum Mechanics and Nuclear Physics -- I think you will find these very
enlightening (they will probably be difficult courses, but I expect that they will be really quite
useful in gaining a more fundamental understanding of the inner working of the nucleus)…
Radiation and Radioactive Decay
The concepts of radiation and radioactive decay are important aspects of nuclear science and
engineering. For example, a nuclear reactor core is a major source of radiation, and much of the
physical design of the overall plant is focused on the retention and control of this radiation
source under all possible circumstances. In addition, the use of manmade radiation sources in a
variety of medical applications (both diagnostic and therapeutic) have become commonplace in
all hospitals and medical treatment centers worldwide. At this point we will not consider the
containment or application of the particular radiation source, but instead, simply highlight some
of the terminology and key aspects of the basic phenomena, and then discuss some techniques
for setting up and solving the nuclide balance equations that describe the overall nuclide
transmutation process. With a good understanding of these topics, we will then be able to
address some real applications...
As noted above, there are many more unstable nuclides than stable ones, and many of the
unstable elements are formed within a reactor directly in the fission process and via subsequent
decay of the primary fission products, or within a variety of particle accelerators that are
available for various nuclear research activities and/or for the production of radioisotopes for a
range of medical and industrial applications. From a chart of the nuclides, one sees that, for the
stable nuclides above Z ≈ 20, the number of neutrons exceeds the number of protons. This
situation is required for stability because of the Coulomb repulsion forces which are overcome
by the attractive short-range nuclear forces when more neutrons are present. However, if a
nucleus has too many or too few neutrons for a given number of protons, then it will be unstable
and it will undergo radioactive decay. There are a number of different processes involved, but
the general tendency is for a nuclear transformation to occur within the parent nuclide that results
in a daughter nucleus that is closer to the island of stability -- denoted by the black boxes shown
on the Chart of the Nuclides given below (note that this is a snapshot of the main screen for the
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Interactive Chart of the Nuclides located at http://www.nndc.bnl.gov/chart/). This particular
view of the Chart of the Nuclides was chosen since it highlights the different decay modes that
are possible. However, before pointing out the various color-coded regions highlighted here, we
first must define precisely the terminology used to explain the various radioactive decay schemes
and their locations within this map.

In particular, some of the terminology used to describe the various radioactive decay processes is
summarized as follows:
Ionization -- This is the process of removing an electron from an atom.
Ionization Energy -- This refers to the energy required for the ionization process to occur (this
is sometimes referred to as the binding energy of the electron). The more tightly bound inner
electrons have higher ionization energies than the outer electrons.
Excited State -- When an atom (or nucleus) possesses more energy than its ground state
(normal stable state) it is said to be “excited”.
Atomic Transition -- An atom cannot remain in an excited state indefinitely, and it will
eventually decay to a state of lower energy. When this transition occurs, a photon is emitted
with an energy equal to the difference in the energies of the two states (∆E = E1 – E2, where
E1 > E 2 ). Electron transitions result in x-ray radiation, where the term x-ray implies a particular
range of energies and wavelengths for the emitted photon and that the photon originated from an
electron transition.
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Nuclear Transition (Gamma Decay) -- Nucleons within the nucleus, like electrons within
atoms, also move in orbits as described by the nuclear shell model. Therefore, there can be
excited states associated with the nucleus as well as with the atomic electron structure. These
nuclear excitation states and the difference between states are associated with much larger
energies due to the larger nuclear forces acting between nucleons. Thus, a transition between
nuclear excited states has an associated photon of much larger energy. These photons are
referred to as gamma rays (γ-rays) and they generally have higher energy and lower wavelengths
than x-rays. In addition, the term gamma ray implies that the photon originated from a nuclear
transition rather than an atomic transition. The gamma decay process can be written as
γ-decay:

A *
ZP

→ AZ P + γ

(parent nucleus has excess energy)

where the symbol P refers to the parent nuclide and, of course, in this reaction, the original
parent nuclide remains after the reaction -- since it simply emits a gamma photon as it decays to
its ground state.
The Q-value associated with gamma decay is equal to the energy level of the excited state
relative to the ground state (or the ΔE between levels if the transition is to some lower energy
level, yet it is still above the ground level). For transition to the ground state, this can be
represented mathematically as

=
Q  M
 

( )
A
ZP

E* 
+ 2 −M
c 



c
( P )=

A
Z



2

E*

where this simply represents the difference in the rest masses of the reactants and products
(converted to energy units).
Internal Conversion -- Sometimes the excitation energy of the nucleus is transferred to the
kinetic energy of one of the innermost K-shell electrons. This additional energy usually ionizes
the atom (i.e. it emits the electron), and this energy transfer process is referred to as internal
conversion (IC). The hole remaining in the electron cloud after the ejection of the electron is
quickly filled by cascading electrons from the outer shells and these transitions result in the
emission of a series of x-rays (as described above) and Auger electrons (secondary electrons that
are emitted by the excited atom). The IC process often competes with gamma decay and can be
written as
A *
ZP

IC decay:

→ AZ P + + e −

(parent nucleus has excess energy)

where, initially, the daughter product is the singly ionized parent atom, with the nucleus in its
ground state. However, the electron shell quickly fills to de-ionize the atom and x-rays and
Auger electrons are emitted as part of these secondary atomic transition processes.
The Q-value for the internal conversion process can be computed as

Q =  M
 

( )
A
ZP

E*  
+ 2  − M
c  

( )
A
ZP


BE eK 
− m e + 2  − m e  c 2 = E * −BE eK
c 


where BE eK is the binding energy of the K-shell electron that is ejected from the atom. Since the
ionization energy for electrons in the inner-most shells can be significant (especially in isotopes
with large A), this term must be included for generality.
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β+ Decay -- For nuclides that lack enough neutrons for stability (or, from a different view, that
have too many protons), a proton is sometimes transformed directly into a neutron, positron
(positive electron), and neutrino -- and this nuclear transformation moves the daughter nuclide
closer to the island of stability. Theβ + Decay reaction can be written conceptually as p → n +β+
+ ν, and the associated formal nuclide transmutation reaction is given by
β+ decay:

A
Z

P→

A
Z −1

D − + β+ + ν

(parent nucleus has too few neutrons)

where we see that the daughter has one less proton than the parent and one extra electron (i.e. it
has Z electrons but only Z-1 protons) -- thus, it is initially negatively charged. However, the
extra orbital electron is quickly released to the surroundings, leaving a neutral daughter atom.
One must be careful with the calculation of the Q-value for this reaction because the extra
electron in the daughter and the positron are treated as two extra electron masses as part of the
products of this reaction. Thus, the Q-value is given as

=
Q M

= M


( P ) − {M ( D ) + m } − m  c
( P ) − M ( D ) − 2m  c
A
Z

A
Z-1

A
Z

e

A
Z-1

2

e

2

e

Note also that the positron is identical to the electron, except for the positive charge, and it is
emitted with a continuous spectrum of energies up to some maximum that is approximately equal
to the Q-value for the reaction (i.e. when the neutrino has negligible energy). Finally, the
emitted positron loses its kinetic energy and eventually captures an ambient electron and, since
the electron and positron are anti-particles, they annihilate each other with the full rest mass of
both particles converted into energy -- that is, two photons are emitted each with an energy of
0.511 MeV.
Electron Capture -- Another process that competes with β+ decay when the parent nucleus
has a lack of neutrons is electron capture (EC). In this process an atomic electron from the
inner-most shell combines with a proton in the nucleus to form a neutron and a neutrino. This
reaction is given symbolically as p + e → n + ν, and the formal nuclide reaction equation is
EC decay:

A
Z

P→

A
Z −1

D+ν

(parent nucleus has too few neutrons)

where the vacancy left by the atomic electron leads to subsequent x-ray emission and the
emission of Auger electrons. Note, however, that no primary charged particles are emitted in the
original reaction.
The Q-value for this reaction simply involves the difference in the rest masses of the parent and
daughter and, since both of these are neutral atoms, nothing special needs to be done here. Thus,
the full decay energy is given by
=
Q M


( P) − M (
A
Z

A
Z-1 D

) c

2

β- Decay -- When a parent nuclide has too many neutrons for stability, a neutron can be
transformed directly into a proton, electron, and anti-neutrino. This can be written conceptually
as n → p + β -+ ν , with the formal β - decay nuclide transformation given by
β− decay

A
Z

P→

A
Z +1

D + + β− + ν

(parent nucleus has an excess of neutrons)
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where we see that the daughter has one more proton than the parent and it is a positively charged
atom because there are only Z electrons in the daughter atom. However, the daughter quickly
neutralizes itself by gaining an electron from the surroundings. Note that, as for the β+ decay,
the electron is emitted with a continuous spectrum of energies up to some maximum that is
approximately equal to the Q-value for the reaction (i.e. when the anti-neutrino has negligible
energy).
For the Q-value calculation, the missing electron from the daughter can be accounted for by the
electron that is given off in the decay process. Thus, the final Q-value expression just contains
the neutral atomic masses of the parent and daughter,

=
Q M

= M


( P ) − {M (
( P) − M (
A
Z

A
Z

A
Z+1 D

A
Z+1 D

) − m } − m  c
e

2

e

) c

Finally, we should also note that the fission of heavy isotopes tends to produce fission product
nuclides that have excess neutrons -- thus, much of the radioactive decay within a nuclear
reactor is associated with the β- decay of these neutron-rich fission products.
α Decay -- In many heavy elements, stability is approached by emission of an alpha particle
(helium nucleus). The nuclide reaction equation for α decay is given by
α decay

A
Z

P→

A−4
Z− 2

D 2− + 42 He 2+

(parent has excess nucleons)

and, with the emission of a He nucleus, the daughter nuclide is now closer to the island of
stability on the Chart of the Nuclides. Note also that the daughter has a double negative charge
(because it has lost two protons) and the helium nucleus has a double positive charge (since it
has two protons but no electrons). Both these ionized products quickly lose their kinetic energy
by ionizing and exciting other atoms and, in their travel (which covers a very short distance),
they either give up or acquire, as needed, the electrons necessary to become neutral atoms.
Concerning the Q-value, the two ions produced have equal charges but opposite signs. Thus, as
above, the extra electron masses used to account for the mass of the charged ions cancel, leaving
only the neutral atomic masses of the parent and daughter products, or

Q
= M

= M


( P ) − {M (
( P) − M (
A
Z

A
Z

) + 2m } − {M (
D ) − M ( He )  c


A-4
Z-2 D

A-4
Z-2

e

4
2

4
2 He

) − 2m } c

2

e

2

Isomeric Transition -- Note that radioactive decay ( β+ , EC, β− , and α decay) typically leaves
the nucleus in an excited state which, in turn, de-excites to the ground state by the emission of γrays or by internal conversion, as discussed above. If the excited states are relatively long lived,
then these are often referred to as an isomeric state or metastable state. The decay by γ-emission
or IC from an isometric state to some lower state is often called an isomeric transition. This is
really nothing more than the usualγ-decay and IC decay (as discussed above), except that it is
associated with a parent nuclide in an isomeric state.
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Neutron, Proton, and Spontaneous Fission Decay -- Finally we should note that a few
nuclides also decay via neutron or proton emission and by spontaneous fission. Although
relatively rare, these reactions are extremely important in a variety of situations. For example, in
nuclear fuel, neutron bombardment of the uranium produces plutonium and many other higher
actinides (americium, curium, etc.) and many of these nuclides have a small, but finite,
probability of spontaneous fission -- and since neutron emission results from the fission
process, these higher actinides represent an inherent neutron source directly within the used fuel.
Also, we note here that the few isotopes that do decay via direct neutron emission are absolutely
essential to the operation and control of all nuclear reactors. We will discuss this subject in
much greater detail at a later time, but we emphasize here that, without the delayed neutrons
emitted by certain radioactive neutron emitters, we would not be able to control the fission chain
reaction and electricity generation via nuclear power would not be possible. Thus, although only
a small fraction of the fission products emit delayed neutrons, they are key to the safe operation
of nuclear systems (this will be addressed in further detail in the Reactor Theory course when
discussing Reactor Kinetics).
Well, with the above overview of the basic terminology and the various processes associated
with radioactive decay, we can now refer back to the above Chart of the Nuclides and its colorcoded identification of the various decay modes (see the legend on right side of the figure). First
we note that the black boxes represent the stable nuclides and clearly define the “island of
stability” noted above. Note that all of the decay processes indicated on the chart are mentioned
above. For example, we see that the light pink “neutron rich” nuclides are below and to the right
of the island of stability and that β- decay (which converts a neutron into a proton and electron)
brings the daughter closer to the region of stability. Likewise, the blue “neutron poor” nuclides
all lie above and to the right of the line of stability, where the β+ decay and EC processes tend to
bring the daughter products back towards the region of stability (here protons are converted into
neutrons). Also apparent are the yellow alpha emitters that are predominantly associated with
the heavy nuclides. Finally, one also sees several orange, light purple, and green squares
denoting proton decay, neutron decay, and spontaneous fission, respectively. Thus, the colorcoded chart gives a nice visual representation of the various decay modes and where the various
reactions occur within the Chart of the Nuclides.
Note: Since the above color-coded chart and its associated description are only useful if the
chart is actually given in color, we also
include here a simple black and white
version that summaries much of the
same information for the key decay
modes (β+, EC, β-, and α decay) -just in case a color version of the
above chart is not available. Here it is
quite easy to see, in black and white,
the main features discussed above -where our emphasis here is that
neutron rich nuclides β- decay, neutron
poor nuclides β+ decay or undergo
electron capture, and that the very
heavy nuclides primarily α decay.
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Also included in the sketch to the right is what I refer
to as a “daughter product map” that shows the
location of the daughter relative to the parent nuclide
for each of the decay reactions discussed above. This
is a useful visual tool to help identify the daughter
nuclide, D, that results from a particular reaction. In
addition, it helps to visualize how a particular decay
mode moves the daughter towards the line of stability
that occurs within the Chart of the Nuclides. Notice,
for example, that β- decay moves the daughter one
position to the left and up one location (i.e. removes
one neutron and adds one proton), and this is exactly
what is needed for neutron rich nuclides. And, of
course, just the opposite occurs for β+ decay and
electron capture, ε, in neutron poor nuclides. Similar
comments apply to α decay, neutron decay, etc..
Before completing our discussion of the various radioactive decay processes, we should show a
few specific examples and also address how the kinetic energy of the reaction products is
distributed. Within this context, a generic decay diagram showing four different decay schemes
-- all from the same parent -- is shown below. This illustrates, from left to right, α decay, β+ and
EC decay, neutron decay, and β- decay. Except for the β+ and electron capture (EC) path, one or
more excited levels are shown, with subsequent gamma decay or internal conversion (IC) to
lower levels or directly to the ground state. The frequency of occurrence, f, gives the relative
contribution (in percent) of a particular component (these are often referred to as “branching
ratios”). Note also that the horizontal placement of the daughter relative to the parent indicates
the number of protons in the nucleus relative to the parent. Decay diagrams similar to this
generic representation for a specific decay scheme can indeed be quite useful from both
quantitative and qualitative perspectives.
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Also of interest in these type of analyses is the distribution of the decay energy (reaction
Q-value) among the various reaction products. In many cases, there are three reaction products
-- for example, for β+ we have the daughter nucleus, the positron, and the neutrino, and for βdecay, the three reaction products are the daughter nucleus, the electron, and the anti-neutrino.
For these cases, there is a continuous range of possible energies up to some maximum energy,
and a specific energy distribution cannot be determined for any given decay reaction. In the
special case where one product has negligible energy (say the neutrino or anti-neutrino in the
above examples), the problem reduces to a two-body problem -- which will allow computation
of the maximum possible energy of the remaining reaction products.
For the two-product case, one reaction product will always be the daughter nucleus (the more
massive product). However, depending on the particular reaction, the second product could be a
photon (for gamma decay), a positron or electron (for β+ and β- decay), a proton or neutron (for
proton and neutron decay), or a He-4 nucleus (for α decay) where, in most cases, the mass of the
second reaction product is small compared to the mass of the daughter nucleus. The reaction
product energies in each of these cases can be determined by considering the conservation of
energy and momentum. For the more massive daughter product, the classical expressions for the
kinetic energy and momentum apply but, for the second product, we may need to use the
relativistic formulas for energy and momentum. Although the development is a little more
tedious, Example 13 treats the case where the second product uses a relativistic treatment, since
this is the more general case that applies to all situations.
The essential result of this example is that the kinetic energies of the reaction products are given
approximately by


mD
E2 ≈ 
Q
 m2 + mD 
 rest


(36)



 m 2rest

mD
E D = Q − E 2 ≈ 1 −
Q ≈ 
Q




 m 2rest + m D 
 m 2rest + m D 

(37)

and

where E2 is the energy of the second reaction product, ED is the kinetic energy of the daughter
product, Q is the total Q-value for the decay reaction, mD is the rest mass of the daughter
nucleus, and m2rest is the rest mass of the second reaction product (the lighter of the two
products). This says that, for gamma decay and for β+ and β- decay (where m2 is negligible
relative to mD), essentially all the reaction energy is carried by the photon or beta particles, with
negligible kinetic energy imparted to the daughter nucleus. In addition, even for proton, neutron,
or α decay, the less massive particle carries the lion’s share of the total reaction energy -- and
this is important in determining the range and overall consequence of the emitted radiation.
Examples 14 and 15 show two quantitative applications based on the above discussions. These
include the β- decay of Al28 to Si28and the α decay of Ra226 to Rn222(i.e. the decay of radium
to radon). Notice that the analyses given here are quite consistent with the observed nuclear
energy level diagrams (given in the actual examples). The energetics of other reactions can be
treated in a similar fashion.
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Example 13: Reaction Product Energy Distribution for the Two-Product Case
If the radioactive parent initially has zero kinetic energy, for the case of two reaction products,
denoted as the daughter, D, and product number 2, a simple energy balance (i.e. Q = Eproducts –
Ereactants) gives
=
Q ED + E2

where Q is the total Q-value for the reaction, ED is the kinetic energy of the daughter nucleus, E2
is the kinetic energy of the lighter reaction product, and Ereactants is zero since the parent is at rest.
With Ereactants = 0, the parent nucleus also initially has zero momentum. Thus, from the
conservation of momentum, we can write a simple momentum balance for the products as




0=
pD + p2
or
pD =
−p 2
or
pD =
p2
where p without the vector symbol refers to the magnitude of the momentum. Now we substitute
the classical formula for the momentum of the heavier daughter nucleus and, for generality, the
relativistic expression is used for the second reaction product [see eqn. (16)], giving

1
E 2 2 + 2E 2 E 2rest
c

m
=
D vD

Now we perform a series of algebraic manipulations on the momentum balance, as follows:

m D 2 v D 2=
c 2 E 2 2 + 2E 2 E 2rest
2m D E D=
c 2 E 2 2 + 2E 2 E 2rest
2m D c 2 ( Q − E 2 ) = E 2 2 + 2E 2 E 2rest
2E Drest Q − 2E Drest E 2 =
E 2 2 + 2E 2 E 2rest
or

(

)

E 2 2 + 2E 2rest + 2E Drest E 2 − 2E Drest Q =
0

where we have used the energy balance equation
and that E D
=

1
=
m D v D 2 and E Drest
2

m D c 2 to

arrive at this last expression.
Solving this quadratic equation (selecting only the positive root) gives

(

)

1
1
E2 =
− 2E 2rest + 2E Drest +
2
2

(

) (

( 2E

2rest

=
− E 2rest + E Drest + E 2rest + E Drest

)

+ 2E Drest
1+

(E

)

2

+ 8E Drest Q

2E Drest Q
2rest

+ E Drest

)

2

To simplify this expression, we note that the ratio inside the radical is much less than unity for
all reasonable reactions, since E 2rest << E Drest and 2Q << E Drest , or
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=
x

(E

2E Drest Q
2rest

+ E Drest

)

2

≈

2Q
<< 1
E Drest

Since x << 1, we can use the binomial expansion again and truncate the expansion to include
only the first two terms, or

1
1
1
(1 + x)1/2 = 1 + x − x 2 + ... ≈ 1 + x
2
8
2

for x << 1

Substitution of this approximation into the E2 expression gives

(

) (

E 2 ≈ − E 2rest + E Drest + E 2rest + E Drest
≈

E Drest Q
E 2rest + E Drest

)


2E Drest Q
1 + 1
 2
E 2rest + E Drest


(

)



2




mD
≈
Q
 m 2rest + m D 

This last relation is the desired result -- it gives the kinetic energy of the lighter reaction product
in terms of the rest masses of the products and the total decay energy released in the reaction.
------------------------Example 14: Radioactive Decay of Al28 (revisited)
The goal here is to compute the kinetic energies of the decay
products from the β- decay of Al28 to the first excited state
of Si28. The reaction equation is
28
13 Al

→

28 +*
14 Si

+ −01 e + ν

If we assume that the rest mass of the anti-neutrino is
negligible and obtain the energy of the excited state from
the diagram, we can compute the Q-value for this reaction
as follows [see Examples 10 and 12],

Q = M


(

28
13 Al

{ (

28
13 Al

=M
=

)


− M


)− M(

(

28
14 Si

28
14 Si

)

E*   2
+ 2  c
c  

)} c

2

− E*

=
( 27.981910 − 27.976927 ) × 931.5 − 1.779

2.863MeV

which is consistent with the above diagram.
In this case, this decay energy is distributed among the three reaction products (Si28, electron,
and anti-neutrino). However, if we assume that the kinetic energy of the anti-neutrino is small,
we can compute the upper limit for the energy of the emitted electron using eqn. (36). In using
this equation, it should be clear that the rest mass of the electron is totally negligible compared to
the mass of the Si28 nucleus. Thus, eqn. (36) tells us immediately that E2max = Eβ-max ≈ Q =
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2.863 MeV. Note, however, that this is only the upper limit of the continuous energy spectrum
for the beta particle released from the decay of Al28 (ranges from 0 to 2.863 MeV).
To fully understand the decay diagram given above, we also note that the total energy emitted in
the β- decay of Al28 to the ground state of Si28 is Qtot = 2.863 + 1.779 = 4.642 MeV. This
energy is shared by a 1.779 MeV γ-ray, with the remaining 2.863 MeV split among the emitted
electron and anti-neutrino. Since the anti-neutrino energy escapes (very limited interaction with
matter), the beta energy is clearly the important component for determining radiation interaction
effects. In this case, the maximum beta energy is 2.863 MeV and the average energy is about
1.242 MeV (obtained from the Chart of the Nuclides at the NNDC). Thus, we can summarize
by saying that each decay of Al28 gives off an electron with an average energy of 1.242 MeV
and a 1.779 MeV gamma-ray. However, with a half-life of only a few minutes, this emitted
radiation is essentially gone after a half hour or so…
------------------------Example 15: α Decay of Radium to Radon
The goal of this example is to compute the kinetic
energy of the 4He nucleus (alpha particle) that
results from the alpha decay of 226Ra. A sketch of
the energy level diagram is given to the right and
the reaction equation is
226
88 Ra

→

222
2−
86 Rn

+ 42 He 2+

As apparent, there are a number of α particle
energies emitted depending on the energy level of
the daughter nucleus. Since the decay is directly
to the ground state in most cases (> 94% of the
time), let’s compute the kinetic energy of the α
particle for this situation. If the radon nucleus is
in its ground state, the Q-value for the reaction is

{ (

Q= M
=

226
88 Ra

) − M (

222
86 Rn

)+ M(

4
2 He

)} c

2

931.5
( 226.0254026 − 222.0175705 − 4.0026032 ) ×=

4.871MeV

Now, from eqn. (36), the α particle energy is

 m Rn 222 
 222.0 
E α =
=
=
Q 
 (4.871) 4.785 MeV
 4.0 + 222.0 
 m α + m Rn 222 
Thus, the energy of the dominant α particle is 4.785 MeV -- and the remaining energy, 4.871 –
4.785 = 0.086 MeV, is the energy of the recoiling Rn222 daughter nucleus. Notice that, even for
the case of α particle emission, most of the reaction energy goes into the kinetic energy of the
lighter particle!
-------------------------
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Calculations for Radioactive Decay
As we have just discussed, radioactive decay, in general, consists of a fairly complicated set of
physical processes -- however, these processes are governed by a relatively simple quantitative
mathematical relationship. Simply stated, the basic law for radioactive decay is that the decay
rate is proportional to the amount present. This means that the decay rate (i.e. loss rate)
associated with N atoms of a particular nuclide is simply λN, whereλ is a proportionality
constant (referred to as the decay constant) and N(t) represents the amount present at time t.
Sometimes the basic radioactive decay law is given in a somewhat modified form -- the basic
law for radioactive decay is that the probability per unit time that a nucleus will decay is
constant. The constant that is referred to here is the same decay constant, λ, as noted above
(with units of time −1 ). To see that these are equivalent statements, we write the second statement
in mathematical form as
1 dN
∆N/N
probability per unit time
= −
=
−
that a nucleus will decay
∆t
N dt

constant =
=
λ

and, multiplying both sides of the expression by N(t), gives

dN
decay rate =
−
=
proportionality constant × amount present =
λN
dt
Thus, we see that, in both cases, the loss rate (-dN/dt) is simply equal to λN.
Now, we note that most balance equations can be written in the general form
rate of change
=
of quantity

production rate
destruction rate
−
of quantity
of quantity

and, for the case of the buildup and loss of the number of atoms present, one has
rate of change
=
of nuclide i

production rate
loss rate
−
of nuclide i
of nuclide i

(38)

We will apply this balance relationship to a number of typical situations, as follows:
Case 1: Radioactive Decay with No Production
In the simple situation where there is no production path for a particular nuclide, yet this nuclide
is radioactive, one can write the nuclide balance equation as

d
n ( t ) = 0 − λn ( t )
dt

(39)

where n(t) is the number of atoms of the nuclide of interest present at time t.
Separating variables and integrating gives

∫
or

dn
= − ∫ λdt ⇒ ln (n) = −λt + c ⇒ n(t) = e −λt + c = ke −λt = n o e −λt
n

n(t) = n o e −λt

(for no production)

where no is the number of atoms present at time t = 0.
Lecture Notes: Basic Atomic and Nuclear Physics
Dr. John R. White, Chemical and Nuclear Engineering, UMass-Lowell (March 2015)

(40)

43

From this simple example, let's define a few terms. In particular, we need to precisely define the
terms activity, half-life, and mean lifetime, since these concepts are used routinely in the
discussion of radioactive decay problems:
The term activity is simply another expression for the decay rate of the radioactive species. We
often denote activity with the symbol α(t) and, since it is simply the decay rate -- that is, α(t) =
λn(t) -- then for the current example with no production terms, we have
α(t) =
λn(t) =
λn 0 e −λt =
α 0 e −λt

(for no production)

(41)

The formal unit for activity is the Becquerel (Bq), where 1 Bq = 1 decay/second. Another
commonly used unit is the Curie (Ci), where

1 Ci = 3.7x1010

disintegrations
sec

(42)

We will use both units, Bq and Ci, in our work here, with eqn. (42) providing the conversion
factor to convert units, as needed, in a particular problem.
Note that the Becquerel or the Curie does not give any information about the mass or volume of
the composite radioactive material since, in most cases, the radioactive nuclide is just one of
several components of the material mixture. Within this context, one often uses the term specific
activity to describe the activity per unit mass or per unit volume -- where typical units might be
Ci/g or Bq/mL, for example. The only caution here is to be careful with units and to be precise
about specifying the actual mass and volume of interest. Generally, the exact meaning of the
phrase specific activity is clear from the context where it is used and its given units.
Another important term relates to the half-life of a particular nuclide. The half-life, denoted as
T1/2, is formally defined as the time it takes for the activity to decrease by a factor of two when
there are no production paths to the nuclide of interest. Writing this statement in mathematical
terms gives

α ( T1/2 ) 1
= = e −λT1/2
α0
2
and solving for T1/2 gives
T=
1/2

ln 2 0.693
=
λ
λ

or

=
λ

ln 2 0.693
=
T1/2
T1/2

(43)

Thus, we see that there is a simple relationship between half-life and the decay constant defined
above. Since the half-lives of the radioactive nuclides are readily available, we can easily
determine the decay constant via eqn. (43) for any nuclides of interest in a given problem.
The last term in our short list of definitions is the mean lifetime, which is simply the average life
expectancy for a radioactive nuclide (again with no production paths for the nuclide). Before we
can define this term mathematically, we need to briefly discuss how to compute the average
value of any quantity.
In general, when averaging any quantity over some range of its independent variable, x, one
needs to weight that quantity by the probability of occurrence of the quantity at a particular x. In
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essence, it is necessary to know the relative importance of the various x values before taking the
average. Thus, the average value of any quantity, f(x), over some range is given by
f =<f>=

∫ w(x)f (x)dx
∫ w(x)dx

(44)

where the weight function, w(x), is the importance function that properly accounts for the fact
that some values of x might be more probable than other values. If w(x) is not constant within
the range of interest, then the average of f(x) over this interval must account for the fact that
some values of the independent variable are more important than others -- that is, the
probability of occurrence is a function of x. Equation (44) accounts for this effect.
We should also note that there is a simple analogy for discrete systems (where x → xi, f → fi,
and w →wi), which is actually easier to explain and to understand. Using a discrete
representation for the integrals in eqn. (44), we have

∑ w ifi ∆x i ∑ w ifi ∆x ∑ w ifi
f =<f>= i
= i
= i
w
∆
x
w
∆
x
∑ i i ∑ i
∑ wi
i

i

(45)

i

where the last form assumes constant interval widths, ∆x (so they cancel). Now, with this form,
wi represents the importance of the ith discrete quantity, fi, and wi/∑wi is simply the relative
importance or relative weight for the ith value of f.
A simple example might involve the averaging of a series of discrete exam grades, fi, over the
semester to get an average grade for a particular course. Say, for example, that there were four
exams, where the first three semester exams were each worth 20% and the final comprehensive
exam was worth 40% (i.e. w4/∑wi = 0.4) towards the final grade. For this case, exam #4 has a
greater worth or weight and we would compute the average semester grade as

f = ∑ w i fi = w1f1 + w 2f 2 + w 3f3 + w 4f 4 = 0.2f1 + 0.2f 2 + 0.2f3 + 0.4f 4
i

where the individual weights are already normalized -- that is, wi is a properly normalized
weight function with ∑wi = 1.0. This formulation, with the non-constant weights, wi, is often
referred to as a weighted average, and it properly accounts for the fact that some quantities are
more important than others.
Now, within the context of finding the mean lifetime of a radioactive nuclide, clearly each
possible lifetime occurs with different probabilities -- that is, there is a greater probability that a
particular radioactive atom will survive up to t1 than up to t2, where t2> t1. Thus, the probability
of survival up to a given time t is certainly a function of t, and this will be needed to find an
appropriate average life expectancy, < t >.
To identify the desired weight function, we note that n(t)/no is the probability that a particular
nuclide survives up to time t and, from eqn. (40) or (41), we see that this is given by e-λt. Now,
to find the average or mean lifetime, the proper weight function is w(t) = e-λt, and the quantity of
interest is simply the lifetime, t, or f(t) = t. Thus, to find the average life expectancy, < t >, we
now just perform the indicated integral operations over all possible values of t, or
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∞

=
<t>

te dt
∫=
∫ e dt
−λt

0

∞

−λt

0

( −λt − 1) e−λt

∞

 ( λt + 1) e −λt ∞ 
1
1  0 − 1 1
0
0 

=
=
=
∞
∞
−λt
 λ  0 − 1  λ
λ
1 −λt
e
− e
0


λ
0
λ2

(46)

where the fact that lim t e −λt → 0 has been utilized.
t →∞

Thus, we see that the decay constant has an additional important meaning other than as simply a
proportionality constant in the basic radioactive decay law -- since the reciprocal of λ is indeed
the mean lifetime of the nuclide of interest (assuming no production paths, of course).
Example 16 illustrates some of the terminology developed here for the case of a Co-60 source.
------------------------Example 16: Co-60 Irradiation Facility
Co-60 is radioactive and it β- decays to an excited level of Ni-60 with a half-life of 5.270 years.
Two gamma rays are emitted for each Co-60 decay -- with energies of 1.173 MeV and 1.333
MeV -- as the 60Ni* nucleus gamma decays to its ground state (this happens nearly instantaneously). The Radiation Lab at UMass-Lowell has a source of Co-60 that is used for a variety
of applications involving materials research and testing. The goal here is to answer a number of
questions associated with this irradiation facility.
a. What is the decay constant and mean lifetime of 60Co?

=
λ

ln 2
ln 2
1
=
= 0.1315 yr −1 and t= = 7.60 yrs
λ
T1 2 5.270 yr

b. Compute the source activity after 3 years of operation if the original source strength is 0.2
MCi.
α(t) =
α 0 e −λt =
0.2 MCi ( e − (0.1315)(3.0) ) ≈ 0.135 MCi

c. What is the initial mass of 60Co in grams?

α
3.7 ×1010 dis / sec 86400sec 365day
yr
×
×
×
n o =o =
0.2 ×106 Ci ×
λ
Ci
day
yr
0.1315
= 1.775 ×1024 atoms
mo =
1.775 ×1024 atoms ×

59.93g / gmole
=
176.6 g of
0.6022 × 1024 at / gmole

60

Co

d. How much Ni-60 is produced during the first 3 years of operation (in grams)?
If the activity of Co-60 is 0.135 MCi after 3 years, we can determine the number of atoms of
Co-60 present at this time -- call this n3. Then, the difference between no and n3 is the
number of Co-60 atoms that have decayed, and each decay produces one Ni-60 atom. Thus,
relating atoms and mass as done above, we see from the above calculations that
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α3
0.135
m3 =
mo =
×176.6 g of
αo
0.2

60

Co =
119.2 g of

60

Co

and
∆m Ni-60 = −∆m Co-60 = 176.6 − 119.2 = 57.4 g of

60

Ni

e. What is the initial gamma source strength in gammas/sec? How about after 3 years of
operation of the irradiation facility?

So = 2α o = 2
S3 = 2α 3 =

γ
3.7 ×1010 dis / sec
× 0.2 ×106 Ci ×
= 1.48 ×1016 γ / sec
decay
Ci

0.135
×1.48 ×1016 γ / sec = 9.99 ×1015 γ / sec
0.2

f. Also compute the initial energy deposition rate and the power level after three years of
operations (in watts).

Po =
0.2 × 106 Ci ×

3.7 ×1010 dis / sec (1.333 + 1.173) MeV 1.602 ×10−13 J
2971W
×
×
=
Ci
decay
MeV

0.135
P3 =
× 2971W =2005 W
0.2
g. How long will it take for the total gamma source strength to decrease to about 25% of its
initial value?
Since the activity decreases by 0.5 every 5.27 years (i.e. the half-life for Co-60 is 5.27 years),
it will take two half-lives, or 10.54 years, to drop to 25% of its original source strength. We
can also do this formally by computing the time τ it takes for α(τ)/αo = 0.25, or
α(τ)
= 0.25
= e −λτ
α0

or

τ=−

ln 0.25
ln 0.25
=−
= 10.54 yr
0.1315 yr −1
λ

------------------------Case 2: Radioactive Decay with Constant Production
In this situation, eqn. (39) is modified to include a nonzero production term, R. For example, R
may be the production rate of some fission product nuclide due to fission in U-235 when
operating a reactor at steady state. In a realistic case, R would be given by R =j ∑ γ ij N i σif φ ,
i

where Rj is the production rate density of nuclide j, γij is the fractional yield of j due to fission in
nuclide i, Ni is the atom density of nuclide i, σif is the fission cross section of nuclide i, and φis
the neutron flux. In another case, the nuclide of interest might be produced from an n,γ reaction
-- thus, the production rate density of nuclide j from neutron capture in nuclide i would be
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written as R j= N i σic φ , where σic is the capture cross section of nuclide i. Clearly, there are a
number of such reactions that can lead to the production (and loss) of a particular nuclide and, in
a real analysis situation, we will need to account for all of these production and loss paths.
However, at this point, it is sufficient that you understand that various production and loss
mechanisms exist, and the details of writing the production (and loss) terms in this fashion will
be discussed at a later date (after we have a more formal discussion of cross sections).
At present, we will simply write the spatially-integrated production term as R and, for the current
case, concentrate on the technique for the solution of the resultant equations when R is a constant
(i.e. the nuclide of interest is produced at a constant rate R). Also, we note that, as part of the
analytical solution, one needs to solve a first-order linear non-homogeneous differential equation
-- so you might want to review this methodology from your Differential Equations (DE) course.
For the case of a constant production rate and loss only by radioactive decay, the nuclide balance
equation becomes

d
n(t)= R − λn(t)
dt

with n(0)= n o

(47a)

Putting this initial value problem (IVP) into standard form gives

d
n + λn = R
dt

(47b)

This is simply a linear 1st order ordinary differential equation (ODE) with the integrating factor,
g(t), given by

∫
= e=
g(t)
e λt
λdt

Now multiplying by the integrating factor gives
 dn
 d λt
e λt  =
e n Reλt
+ λn  =
 dt
 dt

(

)

where we see that the left hand side (LHS) can be written as an exact differential. Multiplying
by dt and integrating gives
λt
λt
∫ d ( ne ) =
∫ Re dt

⇒

R
neλt =eλt + c
λ

Finally, multiplying by e-λt gives the general solution to eqn. (47) with constant R, or

n(t)=

R
+ ce −λt
λ

(48)

Now, to get a unique solution to the IVP, we simply use the given initial condition (IC) to find a
specific value for the c coefficient. Since n(0) = no, we have

R
n(0) =
n o =+ c
λ

⇒

c=
no −

R
λ

and, putting this into the general solution, gives
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n(t)= n 0 e −λt +

(

R
1 − e −λt
λ

)

(49)

and, multiplying by λ to write this expression in terms of activity, we have

(

α(t) =
α 0 e −λt + R 1 − e −λt

)

(50)

Either form, eqn. (49) or eqn. (50), represents the solution to this problem. Focusing on eqn.
(50), we see that as t → 0, α(t)→ α0, which is the initial activity of the material and, as t → ∞,
α(t) → R, the production rate. This last observation simply says that, at equilibrium, the
derivative term in the original balance equation goes to zero, indicating that the production and
loss rates are in balance. Thus, the limiting conditions expressed in eqn. (50) match
expectations.
Example 17 represents a simple illustration that utilizes the concepts and equations developed
here -- that is, for the case of a constant production rate, R.
Example 17: Production of the Fission Product I-131
The fission product 131I has a half-life of 8.05 days. It is produced in fission with a yield of 2.9%
-- that is, 0.029 atoms of I-131 are produced per fission event.
a. Calculate the equilibrium activity of this radionuclide in a reactor operating at 3,300 MWth.
The expression of interest here is eqn. (47) and, at equilibrium, the derivative term goes to
zero and α∞ = R -- so to answer this question we need to determine R. However, from the
given yield we have that R = 0.029 × fission rate, and the fission rate is simply proportional
to the power level, where

3300 ×106 J fission
1MeV
fission rate =
1.03 × 1020 fissions / s
×
×
=
−13
s
200 MeV 1.602 ×10 J
Thus, R = 2.99×1018 atoms of I-131 per second.
b. Assuming that there is no I-131 present at startup of the reactor, how long does it take after
startup for the I-131 to reach its approximate equilibrium activity -- that is, what is τ for
α(τ) = 0.99α∞?
From eqn. (50), we have
α(τ)
= 0.99 = 1 − e −λτ
α∞

and solving this expression for τ gives −λτ = ln 0.01 , or

τ=−

( ln 0.01) T1/2 = − ( ln 0.01) 8.05days = 53.48days
ln 0.01
=−
λ
ln 2
ln 2

c. How many half-lives is this? How many average lifetimes?
=
τ

53.48days
= 6.64 half-lifes
8.05days / half-life
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and, since t= 1/ λ , we have

t=

1 T1/2 8.05days
=
=
= 11.61days
λ ln 2
ln 2

τ

53.48days
= 4.6 mean lifetimes
11.61days / mean lifetime

and

Note: These values are important. Here it says that it takes roughly 6.6 half-lifes or 4.6
mean lifetimes to reach equilibrium -- but this is exactly the same for any material,
independent of its half-life or the production rate. Thus, in all cases, near equilibrium is
reached in roughly 6.6 half-lives or 4.6 mean lifetimes (for the case of constant R)!!!
------------------------Case 3: Radioactive Decay with Non-Constant Production
The development of eqns. (49) and (50) assume that the production rate, R, is constant. In many
applications, this is not true -- a common situation, for example, is when one radioactive
nuclide decays to another radioactive nuclide, and this decays to another, and so on. In this case,
the production rate of the intermediate nuclides is due to the decay of the previous nuclide in the
chain -- and, clearly, this decay rate is time dependent. When this happens, the integrations
leading up to eqn. (48) simply must take into account the fact that the production rate is time
dependent [i.e. R → R(t)].
As a simple example, let’s consider the case where nuclide A decays to B, B decays to C, and
nuclide C is stable -- the classical Three-Nuclide Radioactive Decay Problem. The
transmutation sequence for this situation can be represented as A → B → C. If there is no
production of A, then the nuclide balance equations that describe the production and loss
interactions for this system can be written as

d
n A (t) = 0 − λ A n A (t)
dt

(51a)

d
n=
R B (t) − λ B n B (t)
B (t)
dt

where R B (t) = λ A n A (t)

(51b)

d
n=
R C (t) − 0
C (t)
dt

where R C (t) = λ B n B (t)

(51c)

with initial conditions
=
n A (0) n=
n B (0) n Bo
Ao

and
=
n C (0) n Co

(51d)

Note that now the production terms for nuclides B and C are not constant. We will look at two
techniques -- an analytical approach and a numerical method -- for solving systems of this
type.
Before solving the above equations, we should note that the balance equations for this problem
represent a set of three simultaneous first-order differential equations -- and it is often
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convenient to write these in matrix form. Using standard matrix notation, we can cast these
equations into the form

d
n(t) Mn(t) + u(t)
=
dt

(52)

where, in this case, n(t) is a column vector that contains the three unknown dependent variables
(nA, nB, and nC), M is a 3x3 square matrix that contains the coupling information for the three
equations, and u(t) is a vector of three independent system inputs that contains any nonhomogeneous terms for the particular system of interest (i.e. the independent forcing functions
for the problem). The elements of the transmutation matrix, M , are simply the coefficients of
the nA, nB, and nC dependent variables that appear on the RHS of the balance equations. The
diagonal elements of M represent the loss mechanisms and the off-diagonal terms correspond to
the possible production routes. Writing the matrix equation for this specific example gives
 n (t) 
d A 
n B (t) =
dt  n (t) 
 C 

 −λ A
 λA

 0

0
−λ B
λB

0   n A (t)  0 
0   n B (t)  + 0 

  
0   n C (t)  0 

(53)

where, for this case, we have no independent forcing functions (i.e. there are no production or
removal terms independent from nA, nB, or nC ), so all the elements of u(t) are zero for this
problem.
What is nice about this formulation is that all systems can be cast into the same matrix
representation. We may be dealing with 3 equations or 300 equations. It doesn't really change
the basic formulation -- only the details of the coupling between nuclides and the independent
forcing functions, which are handled within the transmutation matrix, M , and input vector, u(t) ,
are different. Thus, if we can obtain a solution to the general matrix equation given eqn. (52), we
will have a technique for solving a whole class of problems that can be put into this form -- in
particular, this matrix approach is particularly useful for solution via numerical techniques (see
below)...
Method 1 -- Analytically Integrate the Equations: We will first solve the system of ODEs
given by eqn. (51) analytically. This is relatively easy for this case since the equations can be
solved sequentially, one at a time. This, in principle, is the same method as used to solve the
Case 2 problem, only now one must realize that R(t) cannot come outside the integral.
Performing the necessary operations in a formal systematic fashion gives the following results:
For nA(t), simple integration gives (this is the Case 1 result)

d
n A = −λ A n A
dt

→

n A (t) = n Ao e

−λ A t

For nB(t), we have

d
−λ t
n B + λ B n B = λ A n Ao e A
dt
λ t
∫ B
and, with the integrating factor=
g(t) e=
e B , we get
λ dt
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e

λBt

(

)

d
 d
λ t
λ −λ t
n Be B = λ A n Ao e( B A )
 n B + λ Bn B  =
 dt
 dt

Now we integrate to get

∫ d ( n Be B ) =
∫ λ A n A0e B
(λ

λ t

or
=
n B (t)

−λ A ) t

→

dt

n B (t)e

λBt

λ A n Ao ( λB −λ A ) t
=
+c
e
λB − λA

λ A n Ao −λA t
−λ t
e
+ ce B
λB − λA

Now, applying the IC gives
=
c n Bo −

or

λ A n Ao
λB − λA
−λ B t

n B (t) =
n Bo e

+

λ A n Ao  −λA t −λBt 
e
−e

λB − λA 

(55)

For nC(t) we simply multiply eqn. (51c) by dt and integrate using nB(t) from eqn. (55). Doing
this gives
 n Bo −λ t λ A n Ao  e −λA t e −λBt  
n C (t) =
λ B −
e B +
+
−
 + c
λ
λ B − λ A  λ A
λ B  
B

and applying the initial condition as done previously gives

 n
λ n  1
1  
=
c n Co − λ B − Bo + A Ao  −
+ 
 λ B λ B − λ A  λ A λ B  
Finally, upon substitution, we get

λ n
 n
−λ t
n C (t)
= n Co + λ B  Bo (1 − e B ) + A Ao
λB − λA
 λ B
or

(

n C (t)
= n Co + n Bo 1 − e

−λ B t

) + λ n− λ
Ao

B

A


 1
1
−λ t
−λ t  
1− e A −
1− e B 

λB
 λA
 

(

(

)

)

(

(

)

)

λ 1 − e −λA t − λ 1 − e −λBt 
A
 B


(56)

Again, looking at the limits as time becomes small and large as a sanity check on the solution,
we see directly that as t → 0, nC(t) → nCo, which is the initial amount of nuclide C present and,
as t → ∞, nC(t) → nCo+nBo+nAo. This last result says that if nuclide A is radioactive and has no
production paths, it will eventually decay fully to nuclide B which, also being radioactive, will
eventually decay completely to nuclide C. Thus, since C is stable in this example, the final
amount of C is simply the sum of the initial amounts of A, B, and C -- thus, the above result
seems to make sense (at least at the limits as t → 0 and as time becomes large).
Equations (54)-(56) represent an analytical solution to the classical radioactive decay problem of
A → B → C with no production of A and C being stable. The easiest way to gain some insight
from these equations is via example, and two particular cases are given in Examples 18 and 19.
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Example 18 addresses a specific case where the goal is simply to plot and interpret the nA(t),
nB(t), and nC(t) profiles for a case where the half-life of nuclide B is much shorter than the halflife of its parent (nuclide A). This situation occurs frequently and the resultant profiles are rather
interesting. Example 19, on the other hand, does a practical sensitivity analysis that addresses
the feasibility of producing radioactive Co-60 within the UMass-Lowell research reactor
(UMLRR). Here, we show that the answer to this question is tied directly to the flux level that
can be achieved -- and, unfortunately, our reactor does not have a sufficient level to produce
useful quantities of most radionuclides. It is however, an interesting application of the A → B
→ C sequence, with focus only on the behavior of the first two nuclides (we are not really
interested in the daughter from Co-60 decay). In addition, in this example, the loss rate of A
(and the production rate of B) is via the neutron capture reaction instead of radioactive decay,
and this opens a whole range of new applications where nuclide transformations can occur via
neutron interactions as well as the various radioactive decay processes discussed previously -and this serves as a nice transition into our next major subject that deals with Neutron Cross
Sections and Neutron Interactions with Matter...
------------------------Example 18: The Sr-90 Decay Chain
As an illustration of the generic A → B → C process described above, let’s take a detailed look
at the Sr-90 decay chain. In particular, strontium-90 decays to yttrium-90 with a 28.9 year halflife, and yttrium-90 decays to zirconium-90 with a 64.1 hour half-life, with Zr-90 being stable
(both Sr and Y decay via β- emission). This transmutation scheme can be written symbolically
as
90
38 Sr

−

−

28.9 yr

64.1 h

β
β

→ 90
→ 90
39 Y 
40 Zr

Our goal in this example is to numerically evaluate, plot, and interpret the relative amounts of
Sr90, Y90, and Zr90 versus time assuming that, at t = 0, only strontium-90 is present in a
particular sample, and that there is no independent production paths to this nuclide. In this case,
the starting state vector is no = [1 0 0], and eqns. (54)-(56) give the time-dependent analytical
solution for this system.
A short Matlab code called sr90a.m (see listing below) was written to evaluate and plot the
resultant nuclide density profiles in a variety of formats. In particular, both linear and
logarithmic axes and two different time scales (focusing on the early very fast transient period
and the longer-term, slowly varying component of the overall time-dependent profiles) were
investigated. In addition, a set of activity profiles was also generated to help one visualize what
is really happening here. These plots, along with a brief descriptive discussion of the various
profiles, are given below.
The plots compare the relative density profiles for Sr90, Y90, and Zr90 as seen on both linear
and logarithmic scales. The linear scaling (on the left) clearly shows the decay of the Sr90
parent and the corresponding buildup of the stable second-generation daughter product, Zr90, but
the Y90(t) profile appears to be always at zero -- and this does not seem to make sense (i.e. how
can we get Zr90 if there is no Y90?). Well, our dilemma can be easily resolved by simply
plotting the relative profiles on semi-log axes (as shown on the right side). Here we see that the
Y90(t) density is not zero -- it is simply small relative to the other densities. This happens quite
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frequently in radioactive decay calculations and, to avoid any potential visualization or
interpretation issues, the density curves are usually presented on a logarithmic axis for the
“amount” of material.
Sr90a: Density Profiles for Sr90 Decay Chain (Analytical Solution)
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Clearly, near t = 0, there is a lot happening, with what appears to be nearly instantaneous changes
in the Y90 and Zr90 densities at t = 0. However, this is again simply a manifestation of the plot
covering 150 years of elapsed time. If one expands the time axis over this area (as seen in the
right hand plot below), we see that these profiles are indeed well behaved and vary as expected.
Early on, the Y90 density is greater than the Zr90 density, but after about 15-20 days (about 4.6
mean lifetimes of Y90), the Y90 density reaches its “equilibrium” -- when its production and
loss rates are equal (note that the loss rate of Sr90 is the production rate of Y90). However, since
Zr90 is stable, it continually builds up over time as the Y90 decays. Thus, the profiles over the
first 40 days or so (about 0.1 years) are as expected.
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Sr90a: Density Profiles for Sr90 Decay Chain (Analytical Solution)
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Sr90a: Density Profiles for Sr90 Decay Chain (Analytical Solution)
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Now, because Sr90 has no production paths, over a long period of time (i.e. several half-lives of
Sr90), we will see a substantial decrease in the Sr90 density -- and this is clearly observed in the
plot that covers a timeframe of 150 years. Also clearly apparent in this plot is the fact that the
Sr90 and Y90 profiles parallel each other -- these are said to be in secular equilibrium. Here,
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even though the production and loss rates of Y90 are equal, the production rate is decreasing
slowly in time due to the decrease in the amount of its parent -- thus, both nuclides decay at the
same rate. This situation occurs frequently, and it was expected here because of the large
difference in the half-lives of Sr90 and Y90 (29 years versus 64 hours). Also, as apparent,
throughout the whole decay period, Zr90 continually builds up, eventually approaching the level
of the initial parent nuclide -- and, of course, this behavior is expected for a stable nuclide.
The relative activity of Sr90 and Y90 can be obtained by simply multiplying the density of each
nuclide by its decay constant. This was done and the resultant plots are shown below. Here we
see that, after about 20 days, the two activities (i.e. their decay rates) are indeed identical -- and
this is completely consistent with the above discussion and the above relative density plots.
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Sr90a: Activity Profiles for Sr90 Decay Chain (Analytical Solution)
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Finally, we note a few recommendations to follow when analyzing radioactive decay plots:
a. Use a logarithmic density or activity scale (in most cases).
b. Be careful in selecting the time scaling -- if needed, use a log scale for time or two separate
plots (as done in this example) to resolve any ambiguities.
c. Make sure that all the profiles make sense from a physical viewpoint!!!
Listing of the sr90a.m program.
%
%
%
%
%
%
%
%
%
%
%
%
%
%

SR90A.M

Analytical Solution of Sr90 Chain (with no production of isotope A)

This program solves the first order differential equations associated
with the radioactive decay chain A -> B -> C, where C is stable.
Specific decay data for the Sr90 decay chain are used, where
Sr90
-->
Y90
-->
Zr90 (stable)
28.9 y
64.1 h
--> all nuclide densities are normalized to Ao = Sro = 1
File prepared by J. R. White, UMass-Lowell (March 2015)

clear all,

close all,

nfig = 0;

%
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%
%
%

%
%

%
%

%
%

%
%

%
%

%
%

%
%

%
%

nuclide order:

Sr90 -> 1 = A

Y90 -> 2 = B

Zr90 -> 3 = C

halflifes in years, converted to decay constants (1/yr)
hl1 = 28.9;
lam1 = log(2)/hl1;
hl2 = 64.1/(24*365); lam2 = log(2)/hl2;
set time interval and initial conditions (transient is very rapid for t<0.1 yrs)
tff = 150;
% final time (years)
t1 = linspace(0,0.1,1001); t2 = linspace(0.1,tff,2000);
t = [t1 t2]'; Nt = length(t);
Ao = 1; Bo = 0; Co = 0; % initial conditions (normalized to Ao = 1)
analytical solution (see development in Notes for case with no production of A)
Na = zeros(Nt,3);
c1 = lam1/(lam2-lam1); c2 = lam2/(lam2-lam1);
v1 = exp(-lam1*t); v2 = exp(-lam2*t);
N(:,1) = Ao*v1 ;
N(:,2) = Bo*v2 + c1*Ao*(v1-v2);
N(:,3) = Co + Bo*(1-v2) + c2*Ao*(1-v1) - c1*Ao*(1-v2) ;
A1 = lam1*N(:,1); A2 = lam2*N(:,2);
% activities
td = t*365;
% use for scaling time for plotting (years -> days)
plot density results on a logarithmic scale
nfig = nfig +1;
figure(nfig)
semilogy(t,N(:,1),'r--',t,N(:,2),'g-',t,N(:,3),'b:','LineWidth',2)
title(['Sr90a: Density Profiles for Sr90 Decay Chain', ...
' (Analytical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Density'),grid
legend('Sr90','Y90','Zr90','Location','East')
plot density results on a linear scale
nfig = nfig +1;
figure(nfig)
plot(t,N(:,1),'r--',t,N(:,2),'g-',t,N(:,3),'b:','LineWidth',2)
title(['Sr90a: Density Profiles for Sr90 Decay Chain', ...
' (Analytical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Density'),grid
legend('Sr90','Y90','Zr90','Location','East')
plot density results on a logarithmic scale (over short time span)
nfig = nfig +1;
figure(nfig)
semilogy(td,N(:,1),'r--',td,N(:,2),'g-',td,N(:,3),'b:','LineWidth',2)
title(['Sr90a: Density Profiles for Sr90 Decay Chain', ...
' (Analytical Solution)'])
xlabel('Time (days)'),ylabel('Relative Density'),grid
vv = axis;
vv(2) = 40; axis(vv);
legend('Sr90','Y90','Zr90','Location','SouthEast')
plot activities on a logarithmic scale
nfig = nfig +1;
figure(nfig)
semilogy(t,A1,'m-',t,A2,'c--','LineWidth',2)
title(['Sr90a: Activity Profiles for Sr90 Decay Chain', ...
' (Analytical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Activity'),grid
legend('Sr90','Y90','Location','East')
plot activities on a logarithmic scale (over short time span)
nfig = nfig +1;
figure(nfig)
semilogy(td,A1,'m-',td,A2,'c--','LineWidth',2)
title(['Sr90a: Activity Profiles for Sr90 Decay Chain', ...
' (Analytical Solution)'])
xlabel('Time (days)'),ylabel('Relative Activity'),grid
vv = axis;
vv(2) = 40; axis(vv);
legend('Sr90','Y90','Location','East')
end simulation

-------------------------
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Example 19: Production of 60Co within the UMLRR?
As mentioned previously, the Radiation Laboratory at UMass-Lowell has a Co-60 irradiation
facility, and the facility supervisor periodically needs to purchase new Co-60 racks to keep the
total available activity relatively high -- and new Co-60 is not cheap!!! Within this context, this
example takes a quick look at the feasibility of producing Co-60 in-house with our own 1 MWth
research reactor. The goal here is to establish an approximate relationship between the neutron
flux level, the irradiation time needed to produce Co-60, and the resultant specific activity of the
Co-60.
One method to produce Co-60 is via irradiation of stable Co-59 in a neutron field -- that is,
Co-59 + n → Co-60. The production rate of Co-60 in a thermal reactor is given by R = Nσcφ,
where N represents the total Co-59 atoms present, σc is the microscopic capture cross section of
Co-59, and φ is the thermal neutron flux level. Since the nominal density of pure Co-59 is about
8.7 g/cm3, a 1 gram sample of pure cobalt has about 1022 atoms, or

0.6022 ×1024 at. of 59 Co
N=
1g of 59 Co ×
=
1.02 ×1022 at. of 59 Co
59
58.9 g of Co
The thermal capture cross section of Co-59 is roughly 40 b = 40×10-24 cm2 and, for a flux level
of about 1013 n/cm2-s, the σcφ product gives
σc φ=

( 40 ×10

−24

) (

)

cm 2 × 1013 n / cm 2 − s = 40 × 10−11 sec −1

Putting this information together gives

R = ( σc φ ) N = 0.4 ×1013 at. of

60

Co / sec

Now, clearly the amount of Co-59 present will deplete over
time. In addition, we would like to do a parametric study to
see how things vary with the flux level, so we will allow the
magnitude of φ to vary. Finally, we note that, although Co-60
β- decays to stable Ni-60, we are not interested in this nuclide
-- so we only focus on the first two nuclides of the
transmutation chain.
Writing the specific balance equations of interest gives

d
n A = − ( σc φ ) n A
dt

d
nB =
dt

with n A (0) = n Ao

( σc φ ) n A − λ B n B

with n B (0) = n Bo

Rack of Co-60 pencils.

where nA → Co-59 and nB → Co-60 and, since initially there is no Co-60 present in the sample,
the initial conditions are nAo = 1022 atoms (per gram of cobalt) and nBo = 0. Comparing these
expressions to the development from above (where σcφ replaces λA), we can immediately write
the results for nA(t) and nB(t), or
− σφ t
n A (t) = n Ao e ( c )
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and

−λ t

n B (t) =
n Bo e B +

( σcφ ) n Ao e−( σ φ)t − e−λBt 

λ B − ( σc φ ) 
c

and the activity of Co-60 is simply αB = λBnB(t) -- where this is really the specific activity for
this problem since our basis is 1 gram of total cobalt.
Finally we note that 1 gram of pure Co-60 has an activity of about 1100 Ci, but a reasonable
desired specific activity for the total cobalt is only a small percentage of this maximum level, or
roughly 20 Ci per gram of total cobalt.
Now, with this background and an assumed 1 gram sample of pure Co-59, our goal is to
determine the irradiation time needed to reach a desired specific activity of 20 Ci/gram of cobalt
for a range of flux levels that vary between 1013 and 5×1014 neutrons/cm2-s. This was
accomplished within Matlab program co60.m, which simply evaluates the above equations and
plots the computed Co-60 activity versus time for a range of flux levels (see program listing
below). The program results are summarized in the following figure, where we see, as expected,
that the higher flux levels lead to higher specific activities in shorter irradiation times. A
maximum continuous full-power irradiation time of 12 months was simulated and a line showing
the desired specific activity of 20 Ci/gram is shown explicitly on the plot so that it is easy to see
when this condition is met.

From these data it should be clear that, the higher the flux, the shorter the required irradiation
time to meet the given specific activity. Concerning the UMLRR, the peak thermal flux is
currently about 2×1013 neutrons/cm2-s at 1 MWth operation -- so, at this level, it would take
several months of continuous operation to get close to the desired specific activity. However,
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with a 2 to 5-fold increase in operating power along with continuous operation, this brief study
shows that it is indeed feasible to consider production of Co-60 within the UMLRR. This would
require a re-focus of the mission of the facility from teaching and research to that of an isotope
production facility with near 24-7 operation, but it appears that such a path is feasible (pending
an economic analysis) should the desired mission of the UMLRR ever change…
To complete this example, we show in the figures given below two of the atom density per gram
profiles that are obtained -- one is for the φ = 1014 neutrons/cm2-s case and the other is for
φ = 5×1014 neutrons/cm2-s. These type of plots are similar for all the flux levels, with varying
depletion rates for the Co-59 and growth rates for the Co-60 as the flux level changes. As
apparent, the amount of the parent nuclide decreases with time, and the amount of the daughter
product increases. The Co-59 and Co-60 densities vs. time do not add exactly to the original
amount present, because some of the Co-60 that is produced decays to Ni-60 during the 12month irradiation. Overall, the profiles behave exactly as expected, with an increasing depletion
rate of Co-59 and production rate of Co-60 as the flux level increases.
Co60: Density Profiles for φ = 1.0e+14 n/cm2-s
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Listing of the co60.m and co60_eqns.m program.
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

CO60.M
Production of Co60
--> Analysis to address if production is possible in the UMLRR
This program solves the first order differential equations associated with the
production and decay of Co60. In particular, we are interested in determining
the flux level and irradiation time needed to produce some predetermined specific
activity of Co60, starting with 1 gram of pure Co59.
Note that the loss rate of Co59, instead of being associated with radioactive
decay, is related to the neutron capture rate in this nuclide. However, the same
equations can be used from the standard A -> B -> C scheme, if we let the decay
constant for nuclide A be the micro capture cross section times the neutron flux.
Thus, we will use lam1 = sigc*phi and the analysis will be very similar to our
previous example.
File prepared by J. R. White, UMass-Lowell (March 2015)
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clear all,
%
%
%
%

%
%

%
%

%
%

%
%

nuclide order:

close all,

nfig = 0;

Co59 -> 1 = A

problem parameters
cc = 3.7e10;
sigc = 40e-24;
phi = [1e13 5e13 1e14 5e14];
lam1 = sigc*phi;
hl2 = 5.27*(3600*24*365);
lam2 = log(2)/hl2;

Co60 -> 2 = B

%
%
%
%
%
%

Ni60 -> 3 = C (not followed here)

conversion factor (dps --> 1 Ci)
Co-59 capture cross section (cm^2)
range of flux values (n/cm^2-sec)
effective decay constant for Co-59 (1/sec)
half-life of Co-60 (sec)
decay constant for Co-60 (1/sec)

set time interval and initial conditions
tff = 1*3600*24*365;
% final time (years --> seconds)
Nt = 1000; t = linspace(0,tff,Nt)';
ty = t/(3600*24*365);
% time scaling for plots (sec -> years)
tm = t/(3600*24*30.417);
% time scaling for plots (sec -> months)
Ao = 1e22; Bo = 0;
% initial conditions (atoms in 1 gram sample)
calc densities and activities (loop over number of flux values)
Nplots = menu('Make some density plots?', ...
'Yes, this sounds interesting', ...
'No thanks, I have already looked at them');
Nphi = length(phi);
A = zeros(Nt,Nphi);
for i = 1:Nphi
N = zeros(Nt,2);
% initialize array to store amounts (atoms)
c1 = lam1(i)/(lam2-lam1(i));
% intermediate values within N(t) eqns
v1 = exp(-lam1(i)*t); v2 = exp(-lam2*t);
N(:,1) = Ao*v1 ;
% evaluate N(t) for Co59 -- nuclide 1
N(:,2) = Bo*v2 + c1*Ao*(v1-v2); % evaluate N(t) for Co60 -- nuclide 2
A(:,i) = lam2*N(:,2)/cc;
% activity of Co-60 (Ci) for each flux level
if Nplots == 1
% plot density profiles (if requested)
nfig = nfig +1;
figure(nfig)
plot(tm,N(:,1),'r--',tm,N(:,2),'b-','LineWidth',2),grid on
title(['Co60: Density Profiles for \phi = ', ...
num2str(phi(i),'%10.1e'),' n/cm^2-s'])
xlabel('Irradiation Time (months)')
ylabel('Atom Density per Gram of Cobalt')
legend('Co-59','Co-60','Location','West')
end
end
plot activity results
nfig = nfig +1;
figure(nfig)
plot(tm,A(:,1),'r--',tm,A(:,2),'g-',tm,A(:,3),'b:', ...
tm,A(:,4),'m-.','LineWidth',2)
axis([0 12 0 100]);
hold on
plot([0 tm(end)],[20 20],'y-','LineWidth',2.5)
plot([0 tm(end)],[20 20],'k--','LineWidth',1),grid on
text(4.2,22,'desired specific activity')
title('Co60: Activity Profiles for Several Flux Levels')
xlabel('Irradiation Time (months)'),ylabel('Specific Activity (Ci/gram of Co)')
for i = 1:Nphi,
st(i,:) = sprintf([num2str(phi(i),'%10.1e'),' n/cm^2-s']);
end
legend(st,'Location','NorthEast')
hold off
end simulation

-------------------------
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Method 2 -- Use Standard Numerical Integration Methods: Another way to solve firstorder differential equations is to integrate them using numerical techniques. This approach is
quite powerful and software is readily available (e.g. Matlab, MathCad, Mathematica, etc.) to
solve a whole arrange of problems that cannot be treated with the simple analytical approach
illustrated above. As a brief introduction (and review from your DE course), consider the
simplest method of numerical integration -- the Euler Method.
In the case of one equation (scalar case), we desire the solution of

d
=
x(t) f=
(x, u, t)
with
x(t o ) x o
dt

(57)

In this expression, x(t) is the dependent solution that we seek, f(x,u,t) is an arbitrary function
(can be linear or nonlinear) of the state, x(t), and the independent forcing function, u(t) -- this is
specific to the differential equation of interest. In the Euler Method, one assumes that the
function f(x,u,t) remains constant during some small time interval, ∆tk = tk+1−tk. Since f(x,u,t) is
constant, the integration over ∆t is straightforward, giving

∫

t k +1
tk

d ( x(t) ) = ∫

t k +1
tk

f (x, u, t) dt

x ( t=
f  x ( t k ) , u ( t k ) , t k  ∆t k
k +1 ) − x ( t k )
x ( t=
x ( t k ) + ∆t k f  x ( t k ) , u ( t k ) , t k 
k +1 )

or

x k +=
x k + ∆t k f k
1

(58)

Thus, we have converted the original problem into a simple recursion relation. Knowing the
value of x(tk) at some time tk (some initial condition), one can march the solution out to any
desired time. If we have the value of x1, then eqn. (58) gives the value x2, then knowing x2,
eqn. (58) allows us to compute x3, and so on. The solution becomes a discrete representation of
the usual continuous solution. Thus, the solution x(t) is known at discrete time points tk -- that
is, x(t) → x(tk) →xk.
The extension of the Euler Method to solve several coupled first-order differential equations is
straightforward. In this case, we desire the solution of a vector equation of the form

d
=
x(t) f=
(x, u, t)
with
x(t o ) x o
dt

(59)

where x(t) is the unknown state vector and f is a vector (same length as x) that describes the
given functional variation and coupling among the components of the state vector and the input
vector, u(t). If the system happens to be linear with constant coefficients, then f(x,u,t) can be
written as above in eqn. (52), or

d
x(t) Ax(t) + u(t)
=
dt

(for a linear stationary system)

(60)

Performing the same manipulations as above [for the most general case given by eqn. (59)], the
resultant recursion relation for the matrix case becomes
x k +=
x k + ∆t k f k
1

where

f=
f (x k , u k , t k )
k
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Thus, we have outlined, in the simplest possible way, the basic techniques of numerical
integration of ordinary differential equations. The key idea is to discretize the independent
variable and to approximate, in some fashion, the integral of the terms on the right hand side
(RHS) of the equation over a single time step. In doing this, we can convert the given
continuous initial value problem (IVP) into a simple recursive algebraic relationship.
Independent of whether we have a scalar equation or matrix equation, the basic formulations are
identical -- so it is as easy to formulate and solve a system of many equations as it is to solve a
single balance equation (although, of course, the computational time for the multiple-equation
case is longer).
Certainly, state-of-the-art software for the solution of IVPs use more sophisticated approaches
relative to the Euler method that is illustrated here -- and these deal mainly with automating the
optimum choice of the step size, ∆tk, and with controlling the error in the numerical estimate.
These so-called Adaptive Predictor-Corrector Methods are more efficient and also quite
interesting from a numerical analysis viewpoint (but the details are beyond the scope of this
course). However, they follow the same basic concepts introduced above in the Euler Method.
In solving a system of IVPs, the basic solution methodology is usually formulated within a
function file or subprogram. Then, to solve a particular problem, the user calls the selected IVP
solver routine from his/her main program and provides a user-specified function file to evaluate
the RHS of the ODE -- f k = f (x k , u k , t k ) -- at each discrete time point, tk. The IVP solver will
call this function file many times as it marches forward from the initial time point to the final
time point, eventually returning the discrete solution vector, x, to the main program.
Clearly the above brief description is only meant to be a quick review of the basics and the key
terminology that should have been treated in much more detail in your formal DE course. As a
simple illustration of how this works, Example 20 uses one of the IVP solvers in Matlab, ode23s,
to solve the same problem as given in Example 18 -- and, of course, we get the same results as
before…
------------------------Example 20: The Sr-90 Decay Chain Revisited with Numerical Methods
This example problem solves the generic A → B → C radioactive decay problem using a
numerical solution technique. In particular, here we solve the same Sr90 decay chain problem
that was addressed in Example 18 using an analytical solution scheme (see page 52). Our
numerical implementation uses Matlab’s ode23s routine to solve the system of stiff ODEs given
in eqn. (53) for the specific case of theSr90 decay chain. The stiff equation solver is needed here
because of the widely varying time constants associated with the dynamics of this problem
(recall that the Sr90 dynamics is related to its 28.9 year half-life and that the Y90 variation is
governed by its decay rate which is related to its 64.1 hour half-life -- which is significantly
faster relative to the Sr90 temporal dependence).
Note: I usually use Matlab’s standard ode23 or ode45 routines for most (non-stiff) dynamics
problems. However, many radioactive decay problems have widely varying time constants that
often require the use of a stiff equation solver -- so be careful here and certainly consider the
use of ode23s instead of ode23 when the system has a wide range of temporal modes…
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The numerical solution for this problem was implemented within the sr90n.m Matlab script file,
and a full listing of the code is given below. The first part of the code, which defines the
problem variables, and the last part of the program, which plots the output in various ways, are
very similar to their counterparts within sr90a.m (for the analytical solution). The actual
solution algorithm, however, is quite different, where now we call ode23s to solve the problem.
The first input argument to ode23s is the function handle to the anonymous function that
describes the RHS of the matrix ODE where, in this case, the forcing function, u(t), is zero (as
discussed previously). The other input arguments are the integration interval or actual grid for
the time vector, initial condition vector, and an options structure that allows one to modify some
of the default options for the solution algorithm (here we set the maximum allowed relative error
to 10-8 so that we get an essentially exact solution). As described above, the ode23s solution
algorithm will call the ftN anonymous function many times to evaluate the RHS of the system of
ODEs and compute the solution vector forward in time from the initial time point (t = 0) to the
final time (t = tff). For this problem, since a pre-defined fine-grid time vector, tt, was passed
into the ode23s routine, the output solution will be interpolated to this time grid (which, in this
case, gives a smooth plot over both a short and long time domain).
On return, ode23s passes back the time vector (t) used to evaluate the solution, and the actual
solution vector n(t). However, it should be emphasized that the code variable for the solution, N,
is really a matrix since it contains nA(t), nB(t), and nC(t) -- here N has three columns to
correspond to the number of states and it has as many row as the length of the output t vector.
Well, the solution from sr90n.m is essentially the same as obtained previously in Example 18, so
we do not need to elaborate much on this. As a single illustration, we show only the primary
solution profiles nA(t), nB(t), and nC(t) on a logarithmic axis in the figure below (since all the
others figures are similar to their Example 18 counterparts). As apparent, this solution is indeed
identical to our previous analytical solution -- and this was really quite easy to generate with the
existing numerical software tools in Matlab. And, of course, we did not have to know anything
about analytical solution techniques to obtain this result -- nice!!!
Sr90n: Density Profiles for Sr90 Decay Chain (Numerical Solution)
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Listing of the sr90n.m program.
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

%
%

%
%

%
%

%
%

%
%

SR90N.M

Numerical Solution of Sr90 Chain (with no production of isotope A)

This program solves the first order differential equations associated
with the radioactive decay chain A -> B -> C, where C is stable.
The ODE23s routine is used for numerical integration of the equations that
result (written in matrix form for ease of manipulation). An anonymous
function is used as the ODE function file. Notice that a stiff equation solver
is needed here since the transient is so fast for short times...
Specific decay data for the Sr90 decay chain are used, where
Sr90
-->
Y90
-->
Zn90 (stable)
29.1 y
64 h
--> all nuclide densities are normalized to Ao = 1
File prepared by J. R. White, UMass-Lowell (March 2015)

getting started
clear all,
close all,
nuclide order:

nfig = 0;

Sr90 -> 1 = A

Y90 -> 2 = B

Zn90 -> 3 = C

halflifes in years, converted to decay constants (1/yr)
hl1 = 29.1;
lam1 = log(2)/hl1;
hl2 = 64/(24*365);
lam2 = log(2)/hl2;
set time interval and initial conditions
tff = 150;
% final time (years)
t1 = linspace(0,0.1,1001); t2 = linspace(0.2,tff,2000);
tt = [t1 t2]'; Nt = length(tt); % time vector for numerical solution
Ao = 1; Bo = 0; Co = 0; % initial conditions (normalized to Ao = 1)
No = [Ao Bo Co]';
% initial condition vector
tol = 1e-8;
% max error tolerance for ODE routine
options = odeset('RelTol',tol);
numerical solution (no production of A)
Ra = 0;
% production rate of first component (1/yr)
u = [Ra 0 0]';
% forcing function in state eqns
A = [-lam1
0
0 ;
% state matrix in state eqns
lam1
-lam2
0 ;
0
lam2
0];
ftN = @(t,N) A*N + u;
% anonymous function for use in ODE solver
[t,N] = ode23s(ftN,tt,No,options);
A1 = lam1*N(:,1); A2 = lam2*N(:,2); % activities
tp = t;
% use for scaling time for plotting (none needed here)
plot density results on a logarithmic scale
nfig = nfig +1;
figure(nfig)
semilogy(tp,N(:,1),'r--',tp,N(:,2),'g-',tp,N(:,3),'b:','LineWidth',2)
title(['Sr90n: Density Profiles for Sr90 Decay Chain', ...
' (Numerical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Density'),grid
legend('Sr90','Y90','Zn90','Location','East')
plot density results on a linear scale
nfig = nfig +1;
figure(nfig)
plot(tp,N(:,1),'r--',tp,N(:,2),'g-',tp,N(:,3),'b:','LineWidth',2)
title(['Sr90n: Density Profiles for Sr90 Decay Chain', ...
' (Numerical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Density'),grid
legend('Sr90','Y90','Zn90','Location','East')
plot density results on a logarithmic scale (over short time span)
nfig = nfig +1;
figure(nfig)
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semilogy(tp,N(:,1),'r--',tp,N(:,2),'g-',tp,N(:,3),'b:','LineWidth',2)
title(['Sr90n: Density Profiles for Sr90 Decay Chain', ...
' (Numerical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Density'),grid
vv = axis;
vv(2) = 0.1; axis(vv);
legend('Sr90','Y90','Zn90','Location','SouthEast')
%
%

%
%

%
%

plot activities on a logarithmic scale
nfig = nfig +1;
figure(nfig)
semilogy(tp,A1,'m-',tp,A2,'c--','LineWidth',2)
title(['Sr90n: Activity Profiles for Sr90 Decay Chain', ...
' (Numerical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Activity'),grid
legend('Sr90','Y90','Location','East')
plot activities on a logarithmic scale (over short time span)
nfig = nfig +1;
figure(nfig)
semilogy(tp,A1,'m-',tp,A2,'c--','LineWidth',2)
title(['Sr90n: Activity Profiles for Sr90 Decay Chain', ...
' (Numerical Solution)'])
xlabel('Time (yrs)'),ylabel('Relative Activity'),grid
vv = axis;
vv(2) = 0.1; axis(vv);
legend('Sr90','Y90','Location','East')
end simulation

-------------------------
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