I Moo~ Livs oo “:%ns V\a'ﬁ\\.ﬂ-ﬂaf‘ l

. S0~
\Je»'...aer, [=

©

Gae 3 '\'\D‘P\\\nmi“ Qf)n <

3 ~

¥, . e':.. *M‘/\ %o :'3_&'2%@,\&%
z =

Ll PR (¥e = ¥53) = 4.0

X, x.,_ \53 —_ \;63 -.\..-\l(‘ Y‘L - S.0

F‘c-—-\_, \_‘.‘.'i-.‘)e.-.\ % Zc.h-t R

> S\oe eqpn 2 k.‘-\, .
[‘Y-i ‘E.,__—\ﬁ‘)f.b & G En

T S -% ¥

X%, —

—_— I
—

2 Yoy
Filev) = ¥, —2 T4 ankix, — 322212
z z. -
£’2. (-“'o ,Y.L) & 74\ )(3 X G‘—p "?‘3’3 - 4.0 = 2
e e
"‘-. F’(\g"\;LB = Q\ (R = o L"l\)

w T\~ j{} = £ Ly

Al

\
c IF{\‘I JV'L‘)

—  Tew @W0T3 and]or conTouc

Thvis acaler oy i~ g Foac lhes ®gevo.
CTTwae

P

D;.'au-ﬂﬂ.-

3 %
_c]_—\ ¥, = @ T .g.mL\ ¥4 -2 2IB\2D
z
-— - fr &
+ ¢, ¥y + (¥, —¥%¥z) —d.0
S 3 Yt\/z,»f:; -Y; + gy My, — S0

> yoa Bastue T Sn L Tle voloe, ot %, ¥y, % e

(3)

e Ve 25BeC ke eqwns (V) O—“L{-zj) e on ly
Weot a Lormetom of t oo Yo~salrles -_— %, PESP N

—_—

iy e oy v e glosva. ass L L"k)-

'}_\noukr
l oo Wlows 9= To L d

wegs
i e e _ L o= Nhiea {‘QGT!//

o

=

@ Lt'e ciede a scoler Conctom~ | Fly ) | ae L lleos

For wsaa otk Ladlve w2 yreed o QJK_/&"f Qu»\d‘vr}vn, £

—
e

ro
2: (8)

o | (5

[ )

| @ frpren | s devs  arooione Te e ) G‘Lg‘f r_('_\;”\ch\ -0 )(Lwc{ A
\JS. — A~ ‘rﬂ'\y* e & s \.Q_Q_Q--f, 0—:-9 O 1N Y"‘-‘:'J: N r"ﬂ s e o

|

L=



v

r PEN a_(_l o+
— | W% D ¥a 3
5) 1: L) * 1\ kg Dda S5Ca (C(\
> | P ¥, O ¥ DY

' 9 &, a_fr_g. a4,

\ oY, OX o, ¥y

pr \m@Lan\(V\i\@:\—b;‘l\. cl.— Nam+éw\% W\tﬁt\«\,bk l\;_}"?.. L,_)\\,l

V\‘Q"Qx E%V\ LB) as wt ll-{ ok S -_.t\"—“-’ ‘SctC_;DLj\o-V\ di‘ -TI\Q 'QU‘Y\L* "":N—"'

- L s —
D¢, ot cosk ¥,

Te) =) 2¥%Y%;  2(x-%)(2n) W 4 2l -
K ¥y 4% NI ST N ¥y Y = A

OYoy . EoR N b, Xag albgoe. Corrns , Wt o bl X e able

@) @151_% Realer —de\c:&vsw\ F'C\C..‘és\ wa YWt lels
o \.'-.-\_:m'i‘..\(‘-u) ST e (393-;~.5]\.¢ ro ot loce Feang

@)+®'- qﬁ/\-ﬂ-w- ;=0 g Tlese o3 %MGS‘P{B r‘:.,L;—ﬁ— gL«_m./eL

e ololr - e Mo td als™ < B 2 zal v @ -f"_u“r_:(‘u.h—
oan b LB ew ol s W\-‘-*MD&_ *a Lot Ll-:)

€n.\ HF e voots of e QralRan gv:)é\-‘nm_

S el - ’Y\oh\\n aat =V w W= A 77"04";'\671"0 cbra.m

ha‘?‘\‘lv‘f\ea/' =\ o\ < -Q\)Y\Li“w:v\ L. \e Lo
e s vt L sal\u-e

Nerlineevr _\ neol . = \W\@L_anuc:«"&q. Meq)‘h:m
W\L"Tha& Qo Tl
Gmw‘\\ e \g.f— @PDL:)LQM

(10)

=
n




X, values

measure of magnitude of F

Results for Nonlinear Equations (ver. 1)

28 NonLinear_1: Regions of Interest for Nonlinear Solution

_2 1 | L L 1 1 1 J
-1.56 -1 -0.5 0 0.5 1 1:5 2 2.5

X, values

NonLinear_1: Regions of Interest for Nonlinear Solution

0.8

0.6

0.4

0.2

0
“

X, values 2
-2
X, values

2

view(2)




Applied Engineering Problem Solving -- Nonlinear Equations (ver. 1) 2

NonLinear_1: Regions of Interest for Nonlinear Solution
g e g

it
.

e o © P
=N w [=)] |
T T T T

measure of magnitude of F
o
(5]

o
-
T

view(0,0)

-1.5 -1 -0.5 0 0.5

X, values

4NonLinear_1: Regions of Interest for Nonlinear Solution

21 \ 4

X, values
2
o
1

_4 1
-5 0 5

X, values




Applied Engineering Problem Solving -- Nonlinear Equations (ver. 1)

g NonLinear_1: Regions of Interest for Nonlinear Solution

21+

19r

X, values
—
co

i BT

1.8

14¢ L L L L L L L E
0.8 09 1 1 1.2 1.3 1.4 1.5

X ) values

1I\!onLinear_1: Regions of Interest for Nonlinear Solution

A1 ]

)

A3 ]

14t J

X, values
]
—
w

-2 e 1 Il L 1 1 L L E
-1.5 -1 -05 0 0.5 1 1.5 2 25

X 1 values




Applied Engineering Problem Solving -- Nonlinear Equations (ver. 1)

>> nonlinear 1

fsolve solution edit from nonlinear 1

initial guess

xo(l) = 1:..00
xo(2) = 2.00
x0(3) = 3.00

solution vector

x(1) = 1.00000
x(2) = 2.00000
x(3) = 3.00000

fsolve solution edit from nonlinear 1

initial guess

®x0(l) = 1.20
xo0(2) = 1.70
x0(3) = 2.85

solution vector

(1) = 1.20337
x(2) = 1.72619
®(2) = 2.71318

fsolve solution edit from nonlinear 1

initial guess

xo(l) = 2.00

x0(2) = -1.20

Xo0(3) = -2.18
WARNING --

fsolve did not

solution vector

x(1) = 2.02248
x(2) = -1.19022
x(3) = -2.17399

fsolve solution edit from nonlinear 1

initial guess

x0(l) = -1.20
xo(2) = -1.70
x0(3) = 2D

solution vector

x(1) = -1.23745
x(2) = -1.73423
x(3) = 2.44243

function
£04)
£(2)
£33

function
FrL)
£(2)
£(3)

function
£(1)
£ {2
£43)

converge to a root!!!

function
5l s
£(2)
£(3)

Newton's method solution edit from nonlinear 1

initial guess

x0(1) = 1.00
x0(2) = 2,80
xo(3) = 3.00

solution vector

x(1) = 1.00000
x(2) = 2.00000
x(3) = 3.00000

function
£(1)
£(2)
£13Y

Newton's method solution edit from nonlinear 1

initial guess

xo(l) = 1.20
xo(2) = g T i
®0(3) = 2.85

solution vector

x(1l) = 1.20337
x(2) = 1.72619
x(3) = 2.71318

function
£(1)
£(2)
£(3)

Newton's method solution edit from nonlinear 1

initial guess

KoL) = 2.00
xo(2) = =-1.20
xo(3) = -2.18

*%% WARNING --

solution wvector

x(1l) = 2.02248
x(2) = =1.19022
¥(3) = =<2.1739%8

function
£(1)
£(2)
£(3)

Newton's method solution edit from nonlinear 1

initial guess

xo(l) = -1.20
x0(2) = =-1.70
xo(3) = 2.85

solution vector

x(1) = -1.22262
x(2) = -1.76890
x(3) = 2.42767

function
£(1)
£{2)
£(3)

vector at solution
= 2.8479e-08
= 0.0000e+00
= 0.0000e+00

vector at solution
= 1.9642e-12
B 8.1704e-12
= =-2.9168e-12

vector at solution
= =-3.9968e-15
= 3.5527e-15
= -1.7764e-15

ek gk

vector at solution
= 6.7549e-03
5.9384e-02
-5.4930e-02

1

vector at solution
= 2.8479%e-08
0.0000e+00
0.0000e+00

vector at solution
2.0829e-06
1.8610e-06
-1.2846e-06

vector at solution
4.6934e-09
2.8270e-07
= -9.5438e-08

Hit max number of iterations using Newton's method!!!

vector at solution
= -6.6112e-03
= 1.4091e-01
= =-1.9918e-02

* %



o P o o o o o0 o o@ o ) o o@ ol
ol e

o o

P 00

=]

aP o

-

NONLINEAR 1.M Solve nonlinear system using
Matlab's fsolve function and Newton's Method

This file computes the solution for a 3rd order nonlinear system using Matlab's
built-in fsolve function and a user-written file to implement Newton's method.
NONLINEAR 1A.m is the function file needed with fsolwve
NONLINEAR INEUT.m is the function file that implements Newton's method.

The first part of this routine tries to visual the functional behavior in an
attempt to identify regions of interest (i.e. where the root locations are).

File prepared by J. R. White, UMass-Lowell (last update: Dec. 2017)

clear all; close all; nfig = 0;

let's visualize regions where solutions may exist (see problem description)
makeplct = 1;
if makeplot == 1
xl = linspace(-5,5,5000); x2 = linspace(-4,4,4000);
[X1,X2] = meshgrid(xl,=2);
X3 = (5.0 = XL1.*X2)./1X1.4%2 — 1.0);
Fl = X1.73 - exp(X2) + sinh({X3) - 3.6288188;
E2 = F1."2,%X3 ¥ [(R2.52 = K3 = Ll
F = Fla"2 = FZ,42; F(F > 1) = nan; % only interested in regions of small F
nfig = nfig+l; figure(nfig); colormap(jet)
plot3(X1,X2,F,'r."'),grid, view(2)
title('NonLinear\_l: Regions of Interest for Nonlinear Solution')
xlabel('x_1 values'),ylabel('x_2 values'),zlabel('measure of magnitude of F')
nfig = nfig+l; figure(nfig); colormap(jet)
contour (X1,X2,F); grid, colorbar
title('NonLinear\_1: Regions of Interest for Nonlinear Solution')
xXlabel ('x_1 values'),ylabel('x 2 values')

end

from the above plot there appears to be four regions of interest, so

let's look at all four regions using Matlab's fsolve command (calls function
file nonlinear_la.m)

xlo = [1.0 1.2 2.0 -1.2]; x20 = [2.0 1.7 -1.2 -1.71;
%30 = (5.0 - xlo.*x20)./(xlo.*x20 - 1.0);

options = optimoptions('fsolve', 'Display', 'none');
for i = l:length(xlo)

e = loill) %Eold) %3e(i)]™:
[x,f,flag] = fsolve(@nonlinear la,xo,options);
if flag ~= 1
fprintf(l, '\n WARNING -- fsolve did not converge to a root!!!  rx*xixik \pt)
end
fprintf (1, '\n fsolve sclution edit from nonlinear 1 \n')
EREIintEiL, initial guess sclution vector function wvector at «

solution \n'")

for j = 1:3

fprintf (1, xo(%li) = %6.2f x(%li) = %8.5f £(%1li) = %12.4e\n’,

4



o dl o )

Jexo(3) e dex(3) 3, £03))
end
end

now let's look at the same four starting guesses using Newton's method using
function file nonlinear lneut.m
for i = l:length(xlo)

xo = [xlo(il) x2c0(i) x3o0(i)]"';
[#&; L] = nonlinear lneut (xo);
fprintf(l, '\n Newton''s method solution edit from nonlinear 1 \n')
fprintf(1," initial guess solution vector function vector at ¢
solution \n')
for 7 = 1:3
55 £} ciil) sl e L x0(%1li) = %6.2f x(%1i) = %8.5f f(%2li) = g12.4e\n"',

o, , o o g af of of o

e

ol o

ol db g@

of

jfxo[j]:jrxtj)rjrf(j);‘
end
end

Note that the last initial guess, although it looked interesting in the plots,

did NOT lead to a solution in either fsolve or with Newton's method. Although
the function has a local minimum that approaches zeroc in this neighborhood, the
function value is not close enough to zero to meet the given convergence criteria.
Thus, for the x1 and x2 domains given, there are only three roots, with both the
fsolve and Newton methods giving the same results...

end of file

NONLINEAR 1A.M Function file for nonlinear system (ver #1)
using Matlab's fsolve command

File prepared by J. R. White, UMass-Lowell (last update: Dec. 2017)

function f = nonlinear la(x)
xl = x(1); x2 = x(2); %3 = x(3); % for ease in writing nonlinear eqns.
f = [x1"3 - exp(x2) + sinh(x3) - 3.6288188;

x1Y2*x3 + (=272 - %3)72 - 4.0;

xI*R2*%3 =~ K3 * wI¥H2 = 5.070%

end of functiocn

4



NONLINEAR 1NEUT.M Function file to use Newton's Method
for nonlinear system (ver #1)

File prepared by J. R. White, UMass-Lowell (last update: Dec. 2017)

o0 e )0\0 e ol

function [xnew,f] nonlinear lneut (xold)

P oo

start iteration loop
itmax = 50; it = 0; tol = le-6; emax = 1; n = length(xold); esw = 0;
if esw == 1, fprintf(l,'\n Intermediate edit for nonlinear lneut \n'), end
while emax > tol && it <= itmax
it = 1it+41;
X = xold;
compute function vector using xold

(=]

xl = x(1); x2 = x(2); x3 = x(3); % for ease in writing nonlinear eqns.
f = [x1"3 - exp(x2) + sinh(x3) - 3.6288188;
RIS+ (X202 = x3]Y = A0,
¥1*x2*x3 - x3 + xl*x2 - 5.0]7
% compute Jacobian matrix evaluated at xold

J = [ 3*xl1"2 —exp (x2) cosh(x3);
2*x1*%x3 4% (x272-x3)*x2 x172-2*%(x2~2-x3);
X2*x34x2 x1*x3+x1 XI*%2-1]3;
% compute xnew

xnew = xold - J\f:
—_— calc & edit error (intermediate results)
emax = ma¥x(abs((xnew-xcld)./xnew));

if esw == 1
fprintf{(l,' it = %3d max error = %8.3e \n',it,emax)
fprintf(1," xnew xold ')
for j = 1:n
fprintf(1," %10.5f %10.5fF \n',xnew(j),xold(3))
end
end

xold = xnew; % use current estimate as guess for next iteration
end

e g

print final max relative error and iteration count

if esw == 1
fprintf(l, '\n Number of iterations to convergence = %3d\n',it)
fprintf(1l,' Max relative error at convergence = %8.3e\n',emax)
end
if it >= itmax
fprintf (1, '\n ***** WARNING -- Hit max number of iterations using Newton''s ¢
method! Ll: #EFEdn')
end

end of function

) ol o



